



	Grade 4, Topic 1: Generalize Place Value Understanding



	Standards addressed
	Primary in this topic:
4.NBT.A.1: Recognize that in a multi-digit whole number, a digit in one place represents ten times what it represents in the place to its right. For example, recognize that 700 ÷ 70 = 10 by applying concepts of place value and division.
4.NBT.A.2: Read and write multi-digit whole numbers using base-ten numerals, number names, and expanded form. Compare two multi-digit numbers based on meanings of the digits in each place, using >, =, and < symbols to record the results of comparisons.
4.NBT.A.3: Use place value understanding to round multi-digit whole numbers to any place.

	Aspects of Rigor targeted by the standards
	Primary in this topic:
Conceptual Understanding

Secondary in this topic:
Procedural Skill and Fluency

	Applicable information from the progression documents
	[image: NBT.A]
[image: NBT.jpg]
(See p. 13 in the NBT Progressions.)

	Essential Question(s)
	How are the digits in a multi-digit number related to each other?
How can place value understanding be used to read, write, compare, and round multi-digit numbers?





[image: Image result for gold anchor]
Anchor Tasks
	Task
	Explanation

	1-2 Solve and Share 
	This problem asks students to look at patterns to begin thinking about the relationship between a digit in different places in a number.

	Illustrative Mathematics Unit 4 Lesson 10 Ten Times as Much
	This lesson helps students understand that a number multiplied by ten will result in a product that is ten times the value of the original number. The concept is developed through work with a place value chart which allows students to see the digit move from one place value to another. 

	Thousands and Millions of Fourth Graders
	This task should be used to introduce the concept of multiplicative comparison (the idea of 10 times as much) and to connect it to the idea of the relationship between digits in a number from the previous lesson.

	Threatened and Endangered
	This task is another way for students to think about how a digit in one place represents ten times what it represents in the place to its right, and to continue to develop understanding of multiplicative comparison.

	1-1 Visual Learning Bridge
	This problem asks students to read multi-digit numbers and write the number names and expanded form.

	1-3 Extension for early finishers from the Solve and Share 
	This asks students to compare numbers after writing them, emphasizing writing multi-digit numbers and then comparing, absent context.

	1-4 Solve and Share 
	This task requires students to use place value understanding to think about rounding numbers.




Topic Rules of Thumb
	Rule 
	Why?

	Emphasize the use of place value understanding to compare and round numbers, rather than teaching a procedure for rounding.
	4.NBT.A targets generalizing place value understanding for grade 4 work with multi-digit numbers.
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Assessment Guidance, Topic 1
	· Topic Assessment
Performance Assessment	

	Item #/Action
	Why?

	1. As Is
	

	2. As Is
	

	3. As Is
	

	4. As Is
	

	5. Delete 
	4.NBT.A does not require Application.

	6. As Is
	

	7. As Is
	

	8. As Is			
	

	9.  As Is
	

	10. Delete
	4.NBT.A does not require Application.








	Grade 4, Topic 2: Fluently Add and Subtract Multi-Digit Whole Numbers



	Standards addressed
	Primary in this topic:
4.NBT.B.4: Fluently add and subtract multi-digit whole numbers using the standard algorithm.


Secondary in this topic:
4.OA.A.3: Solve multistep word problems posed with whole numbers and having whole-number answers using the four operations, including problems in which remainders must be interpreted. Represent these problems using equations with a letter standing for the unknown quantity. Assess the reasonableness of answers using mental computation and estimation strategies including rounding.

	Aspects of Rigor targeted by the standards
	Primary in this topic:
Procedural Skill and Fluency

Secondary in this topic:
Application

	Applicable information from the progression documents
	[image: ]

	Essential Question(s)
	What is the standard algorithm for adding and subtracting?
How can mental computation and estimation strategies be used to assess the reasonableness of answers?





[image: Image result for gold anchor]
Anchor Tasks
	Task
	Explanation

	2-3 Solve and Share
	Use this problem to ensure students are using the standard algorithm throughout the topic. 

	2-4 Convince Me!
	This problem asks students to look at a standard algorithm subtraction problem and identify the error, then show the correct subtraction.

	2-5 Solve and Share 
	Use Ali’s work in the Analyze Student Work section to have students decide if Ali completed the problem correctly or not, and explain why or why not. This emphasizes the standard algorithm for subtraction.

	Fluency Practice/Assessment Worksheets 1 of 6 #1-8
	These problems give practice with addition and subtraction using the standard algorithm. Present some of the problems to students horizontally, such as 464,982 - 52,680.




Topic Rules of Thumb
	Rule 
	Why?

	Provide students with extensive practice solving multi-digit addition and subtraction problems not in context.
	4.NBT.B.4 calls for procedural skill and fluency with using the standard algorithm which is the capstone to the progression of understanding and skill with addition and subtraction in K-4.

	Encourage students to use mental math, to assess the reasonableness of answers, and to round to estimate throughout the lessons in the topic, not just in isolated places.
	MP1 states that mathematically proficient students check their answers to problems using a different method, and they continually ask themselves, “Does this make sense?”
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Assessment Guidance, Topic 2 
	· Topic Assessment
Performance Assessment	

	Item #/Action
	Why?

	Use an external assessment for this topic, such as:
Multi-Digit Addition and Subtraction
	4.NBT.B.4 has a procedural skill and fluency requirement not met by the Topic 2 Assessment.





	Grade 4, Topic 3: Use Strategies and Properties to Multiply by 1-Digit Numbers



	Standards addressed
	Primary in this topic:
4.OA.A.1: Interpret a multiplication equation as a comparison, e.g., interpret 35 = 5 × 7 as a statement that 35 is 5 times as many as 7 and 7 times as many as 5. Represent verbal statements of multiplicative comparisons as multiplication equations.

4.OA.A.2: Multiply or divide to solve word problems involving multiplicative comparison, e.g., by using drawings and equations with a symbol for the unknown number to represent the problem, distinguishing multiplicative comparison from additive comparison.

4.NBT.B.5: Multiply a whole number of up to four digits by a one-digit whole number, and multiply two two-digit numbers, using strategies based on place value and the properties of operations. Illustrate and explain the calculation by using equations, rectangular arrays, and/or area models.

Secondary in this topic:
4.OA.A.3: Solve multistep word problems posed with whole numbers and having whole-number answers using the four operations, including problems in which remainders must be interpreted. Represent these problems using equations with a letter standing for the unknown quantity. Assess the reasonableness of answers using mental computation and estimation strategies including rounding.

	Aspects of Rigor targeted by the standards
	Primary in this topic:
Conceptual Understanding

Secondary in this topic:
Application

	Applicable information from the progression documents
	[image: ]  [image: ]
(See p. 29 in the OA Progressions.)
[image: ]  [image: ]
[image: ]  [image: ][image: ][image: ]
[image: ]
(See pp. 14–15 in the NBT Progressions.)

	Essential Question(s)
	How can multiplication be used to compare quantities?
How can place value understanding and properties of operations be used to multiply multi-digit numbers?
How can arrays, area models, and/or equations be used to explain multi-digit multiplication?


[image: Image result for gold anchor]
Anchor Tasks
	Task
	Explanation

	6-1 Solve and Share and Visual Learning Bridge (problem only)
	Introduces multiplication as comparison, since many of the problems in this topic rely on the definition of multiplication in 4.OA.A.1.
Note: This lesson includes multiplication and division beyond what students learned in grade 3.  When using problems from this lesson, be sure to use only multiplication and division within 100.

	6-2 Visual Learning Bridge (problem only)
	Provides practice writing equations and solving problems involving multiplicative comparison
Note: This lesson includes multiplication and division beyond what students learned in grade 3.  When using problems from this lesson, be sure to use only multiplication and division within 100.

	3-1 Solve and Share with “Look Back!”  
	This task launches students into understanding general methods for multiplication by starting with understanding how to compute products of one-digit numbers and multiples of 10, 100, and 1000.

	3-5 Solve and Share
	This task reinforces students’ previous understanding of multiplication as the total number of objects in a number of groups of a number of objects each, using larger numbers, and gives a choice of strategy to use.

	3-6 Solve and Share 

	This task reinforces students’ previous understanding of multiplication as the total number of objects in a number of groups of a number of objects each, using larger numbers, and gives a choice of strategy to use.

	3-6 Convince Me! 
	This problem asks students to consider place value to decide if the multiplication is correct, and then explain why it is correct. It is a bridge to the distributive property.

	3-3 Visual Learning Bridge 
	Because this problem is an area problem (yards wide by yards long), it encourages students to set up an area model, which can be used to illustrate the distributive property.






Topic Rules of Thumb
	Rule 
	Why?

	De-emphasize formal definitions of properties of operations (distributive, associative, commutative).
	The role of the properties of operations in 4.NBT.B.5 is for students to use them to multiply. 

	Encourage students to use mental math, to assess the reasonableness of answers, and to round to estimate throughout the lessons in the topic, not just in isolated places.
	MP1 states that mathematically proficient students check their answers to problems using a different method, and they continually ask themselves, “Does this make sense?”


	Strategies and models should be presented to students as options, and they should use methods they understand and can explain. Emphasize the connection between visual representations students draw and equations.  
	While standard algorithm is a strategy based on place value, it is not required until 5th grade (5.NBT.B.5).
[Also see NBT progression above.]
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Assessment Guidance, Topic 3 
	· Topic Assessment
Performance Assessment	

	Item #/Action
	Why?

	1. Modify: Delete text “choose numbers from the box to complete and solve the problem.” Delete box and numbers.
	Item requires a specific strategy.

	2. Modify: Delete text “Use compensation to.”		
	Item requires a specific strategy.

	3. Delete	
	4.NBT.5 does not require Application.

	4. As Is		
	

	5. Delete		
	4.NBT.5 does not require Application.

	6. As Is		
	

	7. Delete	
	Item requires a specific model. Repeats content from other items. 

	8. As Is		
	

	9. Delete
	4.NBT.5 does not require Application.

	10. Delete
	Does not align to the central concern of 4.NBT.B.5.

	11. Modify Revise text to “which expressions has the same value as 3 x 156.”
	Clarify mathematical language of item. Item requires a specific strategy. Item does not require use of precise language 

	12. As Is
	

	13. Delete
	4.NBT.5 does not require Application.

	14. Delete
	4.NBT.5 does not require Application.

	15. Delete
	4.NBT.5 does not require Application.

	16. As Is
	

	17. Delete
	4.NBT.5 does not require Application.

	18. Delete
	4.NBT.5 does not require Application.

	19. Delete
	4.NBT.5 does not require Application.

	20. Delete
	Item requires a specific model.









	Grade 4, Topic 4: Use Strategies and Properties to Multiply by 2-Digit Numbers



	Standards addressed
	Primary in this topic:
4.NBT.B.5: Multiply a whole number of up to four digits by a one-digit whole number, and multiply two two-digit numbers, using strategies based on place value and the properties of operations. Illustrate and explain the calculation by using equations, rectangular arrays, and/or area models.

Secondary in this topic:
4.OA.A.3: Solve multistep word problems posed with whole numbers and having whole-number answers using the four operations, including problems in which remainders must be interpreted. Represent these problems using equations with a letter standing for the unknown quantity. Assess the reasonableness of answers using mental computation and estimation strategies including rounding.

	Aspects of Rigor targeted by the standards
	Primary in this topic:
Conceptual Understanding

Secondary in this topic:
Application

	Applicable information from the progression documents
	See progressions from Topic 3.


	Essential Question(s)
	How can place value understanding and properties of operations be used to multiply multi-digit numbers?
How can arrays, area models, and/or equations be used to explain multi-digit multiplication?





[image: Image result for gold anchor]
Anchor Tasks
	Task
	Explanation

	4-1 Solve and Share 
	This task can be used to emphasize that understanding that computing products of one-digit numbers and multiples of 10, 100, and 1000 helps with understanding general methods for multi-digit multiplication.

	4-2 Solve and Share 
	This task reinforces students’ previous understanding of multiplication as the total number of objects in a number of groups of a number of objects each, connects to the previous lesson because of the multiplication by 10, and gives a choice of strategy to use.

	4-5 Convince Me! 
	This problem uses the area model which reinforces the connection to place value and is a bridge to the distributive property.

	4-7 Solve and Share 

	This is a two-step word problem that includes two-digit times two-digit multiplication; connecting to 4.OA.A.3.

	4-10 Guided Independent Practice 
	Opportunity for students to practice two-digit by two-digit multiplication. 




Topic Rules of Thumb
	Rule 
	Why?

	De-emphasize formal definitions of properties of operations (distributive, associative, commutative).
	The role of the properties of operations in 4.NBT.B.5 is for students to use them to multiply. 

	Encourage students to use mental math, to assess the reasonableness of answers, and to round to estimate throughout the lessons in the topic, not just in isolated places.
	MP1 states that mathematically proficient students check their answers to problems using a different method, and they continually ask themselves, “Does this make sense?”


	Strategies and models should be presented to students as options, and they should use methods they understand and can explain. Emphasize the connection between visual representations students draw and equations.
	While standard algorithm is a strategy based on place value, it is not required until 5th grade (5.NBT.B.5). [Also see NBT progression above.]


	Skip lesson 4-8.
	The strategy of placing a zero in the ones place of the product and disregarding the ones place in the factor is specific to multiplying by multiples of 10 and does not generalize to any other multiplication situation.
While standard algorithm is a strategy based on place value, it is not required until 5th grade (5.NBT.B.5). [Also see NBT progression above.]
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Assessment Guidance, Topic 4 
	· Topic Assessment
Performance Assessment	 

	Item #/Action
	Why?

	1. Delete
	4.NBT.5 does not require Application.

	2. Delete
	4.NBT.5 does not require Application.

	3. Delete
	4.NBT.5 does not require Application.

	4. As Is
	

	5. Modify: Delete Part A and B. Write text: “how many laps did we swim over the 2 months?”
	Item requires a specific model. 

	6. As Is
	

	7. Delete
	4.NBT.5 does not require Application.

	8. Delete
	Item requires a specific strategy.

	9. Delete
	4.NBT.5 does not require Application.

	10. Delete
	4.NBT.5 does not require Application.

	11. As Is
	

	12. Delete
	4.NBT.5 does not require Application.

	13. Delete
	Item requires a specific strategy.

	14. Delete
	Item requires a specific strategy.

	15. Delete
	Item requires a specific strategy.

	16. As Is
	

	17. Delete
	4.NBT.5 does not require Application.

	18. Delete
	Item requires a specific strategy.

	19. As Is
	

	20. Modify: Delete text “Use each number from the box once to complete and solve the problem.” Delete box and the digits underneath the multiplication expressions. 
	Item requires a specific strategy.

	21. Delete
	4.NBT.5 does not require Application.

	22. Delete
	4.NBT.5 does not require Application.





	Grade 4, Topic 5: Use Strategies and Properties to Divide by 1-Digit Numbers



	Standards addressed
	Primary in this topic:
4.NBT.B.6: Find whole-number quotients and remainders with up to four-digit dividends and one-digit divisors, using strategies based on place value, the properties of operations, and/or the relationship between multiplication and division. Illustrate and explain the calculation by using equations, rectangular arrays, and/or area models.

Secondary in this topic:
4.OA.A.3: Solve multistep word problems posed with whole numbers and having whole-number answers using the four operations, including problems in which remainders must be interpreted. Represent these problems using equations with a letter standing for the unknown quantity. Assess the reasonableness of answers using mental computation and estimation strategies including rounding.

	Aspects of Rigor targeted by the standards
	Primary in this topic:
Conceptual Understanding

Secondary in this topic:
Application

	Applicable information from the progression documents
	[image: https://lh3.googleusercontent.com/IxSe_I6a3ceT2vE8xOslqaELMhVR2YbdQ758kDpS_mIXnmLqFB4XsrmU86IkI2gJkZ_13J6NvXX2MBMgA9MDaSjA5sY56n6Zr_y70yC4iuVBCG69IulBBnRllKI3CmUZAnEQgh3v]  [image: https://lh3.googleusercontent.com/07aPQWqAPi4zuhF4hQmdRPgIxDcOFhNMVjAovGGj8VlejCRoP_JDhmH1DU0Z7rDcggc93RDnZdKxx8Uf7m8JYPRobHMSiB9x-c_c92tn7cCf9u8h-m4SewcN0zO9yPEQ-m6z9WLY]
[image: https://lh5.googleusercontent.com/p9TGG15H7hk0wIwg5uy0K7oWq_4jcCx0B5EA22VKkdIGIlfLjVWCoLn3N9MyM-slcgJ9BAjoYj8Ti6ZRg_G3UPE3bFxZiRC0F-gzyy47JtPyvCMlXNlwtwul8IaHfpI_KzL9okXg]
[image: https://lh5.googleusercontent.com/hpfAsNbxvEV83STr6hqdzC1zIWXreJWKx9_tGZwUdrkhfi2dpr2E3IcVQoBuOa4-IJFZNqrNamnIwWeaB9UpEWLqbQQRBYjKirgoy5sW0t5oXshOtnm3-n_x0x9Nn0coZ655Ho1i]
(See pp. 16–17 in the NBT Progressions.)

	Essential Question(s)
	How can place value understanding and properties of operations be used to divide multi-digit numbers?
How can arrays, area models, and/or equations be used to explain multi-digit division?
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Anchor Tasks
	Task
	Explanation

	5-1 Solve and Share with Look Back! 
	This problem starts students with a familiar sharing division problem, using a known fact multiple of 10. It is a good connection between division students did in grade 3 and dividing with larger numbers.

	5-2 Solve and Share 
	This is another familiar sharing division problem, 3-digits divided by 1-digit. It emphasizes students using any strategy that makes sense to them. 

	5-3 Solve and Share 
	This problem moves to 4-digits divided by 1-digit; the 4-digit number is 3,000, which offers opportunities for students to use strategies based on place value.

	5-4 Solve and Share
	This problem allows have the students to consider the remainder in division problems.

	5-5 Solve and Share
	This division problem emphasizes rows and could be an opportunity for students to use the area model for division.

	5-6 Visual Learning Bridge 
	This division problem emphasizes rows and could be an opportunity for students to use the area model for division.

	5-7 Solve and Share
	This division problem brings in measurement with an area problem involving square feet of a room.




Topic Rules of Thumb
	Rule 
	Why?

	Emphasis for division should be on dividing using place value understanding and properties of operations, giving students opportunities to use tools such as place value blocks, area models and equations.
	Interpreting quotients is introduced in grade 3 (3.OA.A.2).

	Strategies and models should be presented to students as options, and they should use methods they understand and can explain. Instruction should emphasize how visual representations such as area and array diagrams that students draw connect to equations and other written numerical work. Place value reasoning should be supported with diagrams of arrays or areas as students develop and practice using the patterns in relationships among quotients. 
	While standard algorithm is a strategy based on place value, it is not required until 6th grade (6.NS.B.2). [Also see NBT progression above.]
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Assessment Guidance, Topic 5
	· [bookmark: _gjdgxs]Topic Assessment
Performance Assessment		

	Item #/Action
	Why?

	1. Delete
	4.NBT.B.5 does not require Application. 

	2. Delete
	Item requires a specific model.

	3. As Is
	

	4. Delete
	Item requires a specific model.

	5. As Is
	

	6. Delete
	Item requires a specific model. 

	7. As Is
	

	8. As Is
	

	9. As Is
	

	10. Delete
	Repeats content from other items.

	11. Delete
	Repeats content from other items.

	12. As Is
	

	13. Delete
	Item requires a specific model.

	14. Delete
	4.NBT.B.5 does not require Application.

	15. As Is
	

	16. Delete
	Item requires a specific model.

	17. Delete
	Repeats content from other items.

	18. Delete
	Item requires a specific strategy.

	19. Delete
	4.NBT.B.5 does not require Application.

	20. Delete
	Item requires a specific model.

	21. Delete
	4.NBT.B.5 does not require Application.

	22. As Is
	

	23. Delete
	Repeats content from other items.






	Grade 4, Topic 6: Use Operations With whole Numbers to Solve Problems



	Standards addressed
	Primary in this topic:
4.OA.A.2: Multiply or divide to solve word problems involving multiplicative comparison, e.g., by using drawings and equations with a symbol for the unknown number to represent the problem, distinguishing multiplicative comparison from additive comparison.

4.OA.A.3: Solve multistep word problems posed with whole numbers and having whole-number answers using the four operations, including problems in which remainders must be interpreted. Represent these problems using equations with a letter standing for the unknown quantity. Assess the reasonableness of answers using mental computation and estimation strategies including rounding.

Secondary in this topic:
4.NBT.B.5: Multiply a whole number of up to four digits by a one-digit whole number, and multiply two two-digit numbers, using strategies based on place value and the properties of operations. Illustrate and explain the calculation by using equations, rectangular arrays, and/or area models.

4.NBT.B.6: Find whole-number quotients and remainders with up to four-digit dividends and one-digit divisors, using strategies based on place value, the properties of operations, and/or the relationship between multiplication and division. Illustrate and explain the calculation by using equations, rectangular arrays, and/or area models.

	Aspects of Rigor targeted by the standards
	Primary in this topic:
Application

Secondary in this topic:
Conceptual Understanding

	Applicable information from the progression documents
	[image: ]
[image: ]
(See pp. 29–30 in the OA Progressions.)

	Essential Question(s)
	What strategies can be used to solve multi-step word problems?
What strategies can be used to check the reasonableness of answers?
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Anchor Tasks
	Task
	Explanation

	6-3 Solve and Share and Look Back!
	This is a good entry task for the work of two-step problems defined by 4.OA.A.3 with tight connections to students’ work in 4.NBT with division.

	6-4 Solve and Share
	This problem provides a nice contrast to the one in the prior lesson, this time connecting to students’ work in 4.NBT with multiplication. This problem also contrasts the 6-3 problem since the two numbers in the problem cannot be combined first so students really need to make sense of the problem and what it is asking them to do before diving in.

	6-5 Solve and Share and Look Back!
	The 4.OA.A.1 interpretation of a multiplication equation as a comparison is reflected in this problem and nicely integrates the work of 4.NBT with addition/subtraction and multiplication/division. The complexity of the problem provides a nice ceiling for the work of 4.OA.A.3.




Topic Rules of Thumb
	Rule 
	Why?

	Strategies and models should be presented to students as options, with extra emphasis on strategies and models that are generalizable, such as strategies based on place value and the area model.
	Program RoT #3
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Assessment Guidance, Topic 6 
	· Topic Assessment
Performance Assessment	

	Item #/Action
	Why?

	1. Modify: Delete Part A, B and C.
	Does not align to central concern of 4.OA.A.3.

	2. As Is		
	

	3. Modify: Delete bar diagrams.
	Item requires a specific model.

	4. As Is
	

	5. As Is		
	

	6. As Is		
	

	7. Modify: Add text “Each carton has the same number of markers.”
	Item is not mathematically accurate. 

	8. As Is		
	

	9. As Is
	

	10. As Is
	





	Grade 4, Topic 7: Factors and Multiples



	Standards addressed
	Primary in this topic:
4.OA.B.4: Find all factor pairs for a whole number in the range 1–100. Recognize that a whole number is a multiple of each of its factors. Determine whether a given whole number in the range 1–100 is a multiple of a given one-digit number. Determine whether a given whole number in the range 1–100 is prime or composite.

	Aspects of Rigor targeted by the standards
	Primary in this topic:
Procedural Skill and fluency

Secondary in this topic:
Conceptual Understanding

	Applicable information from the progression documents
	[image: ]
(See p. 30 in the OA Progressions.)

	Essential Question(s)
	N/A
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Assessment Guidance, Topic 7 
	· Topic Assessment
Performance Assessment		

	Item #/Action
	Why?

	1. Delete	
	4.OA.B.4 does not require application. 

	2. As Is						
	

	3. As Is
	

	4. As Is
	

	5. Delete	
	Does not align to the central concern of 4.OA.B.4.

	6. As Is	
	

	7. Delete	
	Does not align to the central concern of 4.OA.B.4.

	8. As Is		
	

	9. As Is
	

	10. As Is
	

	11. As Is
	

	12. As Is
	

	13. As Is
	









	Grade 4, Topic 8: Extend Understanding of Fraction Equivalence and Ordering



	Standards addressed
	Primary in this topic:
4.NF.A.1: Explain why a fraction a/b is equivalent to a fraction (n × a)/(n × b) by using visual fraction models, with attention to how the number and size of the parts differ even though the two fractions themselves are the same size. Use this principle to recognize and generate equivalent fractions.

4.NF.A.2: Compare two fractions with different numerators and different denominators, e.g., by creating common denominators or numerators, or by comparing to a benchmark fraction such as 1/2. Recognize that comparisons are valid only when the two fractions refer to the same whole. Record the results of comparisons with symbols >, =, or <, and justify the conclusions, e.g., by using a visual fraction model.

	Aspects of Rigor targeted by the standards
	Primary in this topic:
Conceptual Understanding

Secondary in this topic:
Procedural Skill and Fluency

	Applicable information from the progression documents
	[image: ef.jpg]
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[image: cf2.jpg]
(See p. 6 in the NF Progressions.)

	Essential Question(s)
	Why do different fractions represent the same quantity?
How can equivalent fractions and benchmark fractions help when comparing fractions?
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Anchor Tasks
	Task
	Explanation

	Explaining Fraction Equivalence with Pictures
	Uses a visual model of equivalent fractions to build on grade 3 work.

	Fractions and Rectangles
	Uses a visual model of equivalent fractions to move toward the procedure for generating equivalent fractions.

	8-7 Solve and Share 
	Build on work with comparing unit fractions in grade 3. This task reinforces the importance of the size of the whole when comparing.

	8-5 Visual Learning Bridge 
	Students can use benchmarks (8-7) to compare fractions with unlike denominators and numerators.

	8-6 Solve and Share 
	Students can use benchmarks (8-7) and equivalence to compare fractions with unlike denominators and numerators.

	Listing Fractions in Increasing Size
	Provides opportunity to reach the full depth of 4.NF.A.2.




Topic Rules of Thumb
	Rule 
	Why?

	When explaining and finding equivalent fractions, emphasis should be placed on the numerical process of multiplying the numerator and denominator of a fraction by the same number, n, which corresponds physically to partitioning each unit fraction piece into n smaller equal pieces, (n x a)/(n x b). Multiplying or dividing by 1, including referring to the identity property, is reserved for fifth grade. (This should be avoided in 8-3 and 8-4.)
	4.NF.A.1 describes the connection between the conceptual understanding and procedural skill of generating and recognizing equivalent fractions, while 5.NF.B.4 introduces the concept of multiplying fractions by whole numbers.

	Encourage multiple approaches (e.g., benchmarks, distance from benchmarks, equivalent fractions, common numerator, common denominator) to compare fractions so students can use strategies flexibly based on the specific fractions they are comparing.
	3.NF.A.3d requires students to compare two fractions with the same numerator or the same denominator by reasoning about their size, while 4.NF.A.2 does not put any restriction on the type of fractions students should compare.
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Assessment Guidance, Topic 8 
	· Topic Assessment
Performance Assessment		

	Item #/Action
	Why?

	1. As Is	
	

	2. Delete	
	4.NF.A.2 does not require Application. 

	3. As Is
	

	4. As Is	
	

	5. As Is
	

	6. As Is
	

	7. As Is
	

	8. Delete
	4.NF.A.2 does not require Application. 

	9. As Is
	

	10. Delete
	Aligned to 3.NF.A.3d (comparing fractions with the same whole).

	11. Delete
	Item requires specific strategy.

	12. As Is
	

	13. Modify: Delete text, Use text “compare  and   .“
	Item requires specific model.










	Grade 4, Topic 9: Understand Addition and Subtraction of Fractions



	Standards addressed
	Primary in this topic:
4.NF.B.3a: Understand addition and subtraction of fractions as joining and separating parts referring to the same whole.

4.NF.B.3b: Decompose a fraction into a sum of fractions with the same denominator in more than one way, recording each decomposition by an equation. Justify decompositions, e.g., by using a visual fraction model. Examples: 3/8 = 1/8 + 1/8 + 1/8 ; 3/8 = 1/8 + 2/8 ; 2 1/8 = 1 + 1 + 1/8 = 8/8 + 8/8 + 1/8.

4.NF.B.3c: Add and subtract mixed numbers with like denominators, e.g., by replacing each mixed number with an equivalent fraction, and/or by using properties of operations and the relationship between addition and subtraction.

4.NF.B.3d: Solve word problems involving addition and subtraction of fractions referring to the same whole and having like denominators, e.g., by using visual fraction models and equations to represent the problem.

	Aspects of Rigor targeted by the standards
	Primary in this topic:
Conceptual Understanding and Application

Secondary in this topic:
Procedural Skill

	Applicable information from the progression documents
	[image: ][image: ]
[image: ]
(See p. 7 in the NF Progressions.)

	Essential Question(s)
	How is adding and subtracting fractions like adding and subtracting whole numbers?
How do you add and subtract fractions?





[image: Image result for gold anchor]
Anchor Tasks
	Task
	Explanation

	9-2 Solve and Share 
	Supports building the idea of decomposing non-unit fractions into a sum of fractions.

	9-1 Solve and Share 
	Builds on understanding of whole number addition.

	9-4 Solve and Share 
	Builds on understanding of whole number addition subtraction.

	9-6 Visual Learning Bridge (Problem only)
	Context lends itself to thinking about the number line.

	9-3 Solve and Share 
	Opportunity to reinforce applying understanding of whole number operations to fractions.

	9-5 Solve and Share 
	Opportunity to reinforce applying understanding of whole number operations to fractions.

	9-8 Solve and Share and Visual Learning Bridge 
(Problem only)
	Opportunity to practice addition and subtraction with mixed numbers.

	9-9 Solve and Share
	Opportunity to reinforce applying understanding of whole number operations to fractions.

	9-10 Solve and Share
	Opportunity to reinforce applying understanding of whole number operations to fractions.




Topic Rules of Thumb
	Rule 
	Why?

	Strategies and models should be presented to students as options, with extra emphasis on strategies and models that are generalizable, such as number line and making a whole.
	Students should choose the strategy or model that makes sense to them.





[image: Image result for pencil clip art]
Assessment Guidance, Topic 9 
	· Topic Assessment
Performance Assessment		

	Item #/Action
	Why?

	1. As Is
	

	2. As Is
	

	3. Modify: Make clear the assumption that Cole only had homework in Spanish and history.	
	Item is not mathematically accurate. 

	4. As Is	
	

	5. As Is
	

	6. Modify: Delete text “Use benchmark fractions to.”
	Item requires a specific strategy.

	7. As Is
	

	8. Delete	
	Item requires a specific model.

	9. Delete
	

	10. Modify: Delete Part A.
	Item requires a specific model.





	Grade 4, Topic 10: Extend Multiplication Concepts to Fractions



	Standards addressed
	Primary in this topic:
4.NF.B.4a: Understand a fraction a/b as a multiple of 1/b. For example, use a visual fraction model to represent 5/4 as the product 5 × (1/4), recording the conclusion by the equation 5/4 = 5 × (1/4).

4.NF.B.4b: Understand a multiple of a/b as a multiple of 1/b, and use this understanding to multiply a fraction by a whole number. For example, use a visual fraction model to express 3 × (2/5) as 6 × (1/5), recognizing this product as 6/5. (In general, n × (a/b) = (n × a)/b.)

4.NF.B.4c: Solve word problems involving multiplication of a fraction by a whole number, e.g., by using visual fraction models and equations to represent the problem. For example, if each person at a party will eat 3/8 of a pound of roast beef, and there will be 5 people at the party, how many pounds of roast beef will be needed? Between what two whole numbers does your answer lie?

Secondary in this topic:
4.NF.B.3d: Solve word problems involving addition and subtraction of fractions referring to the same whole and having like denominators, e.g., by using visual fraction models and equations to represent the problem.

4.MD.A.2: Use the four operations to solve word problems involving distances, intervals of time, liquid volumes, masses of objects, and money, including problems involving simple fractions or decimals, and problems that require expressing measurements given in a larger unit in terms of a smaller unit. Represent measurement quantities using diagrams such as number line diagrams that feature a measurement scale.

	Aspects of Rigor targeted by the standards
	Primary in this topic:
Conceptual Understanding, Application

	Applicable information from the progression documents
	[image: ]
[image: ]
[image: ]
(See pp. 8–9 in the NF Progressions.)

	Essential Question(s)
	How is a non-unit fraction a multiple of a unit fraction?
How can understanding the relationship between unit and non-unit fractions be used to multiply a fraction by a whole number?
What strategies can you use to solve word problems involving multiplication of fractions by whole numbers?





[image: Image result for gold anchor]
Anchor Tasks
	Task
	Explanation

	10-1 Solve and Share 
	Builds the understanding that a non-unit fraction is a multiple of a unit fraction.

	10-2 Solve and Share 
	Introducing multiplication of fractions by whole numbers, reinforcing previous work with whole number multiplication with an equal groups story.

	10-3 Solve and Share
	Multiplication of fractions by whole numbers, reinforcing previous work with whole number multiplication with an equal groups story.

	10-4 Solve and Share
	Opportunity to practice multiplication of mixed numbers by whole numbers.

	10-5 Visual Learning Bridge
	Opportunity to practice multiplication of mixed numbers by whole numbers.




Topic Rules of Thumb
	Rule 
	Why?

	Strategies and models should be presented to students as options, with extra emphasis on strategies and models that are generalizable, such as the equal groups meaning of multiplication.
	Students should choose the strategy or model that makes sense to them.
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Assessment Guidance, Topic 10
	· Topic Assessment
Performance Assessment		

	Item #/Action
	Why?

	1. As Is
	

	2. As Is
	

	3. As Is	
	

	4. As Is
	

	5. As Is
	

	6. As Is
	

	7. As Is
	

	8. As Is	
	

	9. As Is
	

	10. As Is
	

	11. As Is
	









	Grade 4, Topic 11: Represent and Interpret Data on Line Plots



	Standards addressed
	Primary in this topic:
4.MD.B.4: Make a line plot to display a data set of measurements in fractions of a unit (1/2, 1/4, 1/8). Solve problems involving addition and subtraction of fractions by using information presented in line plots. For example, from a line plot find and interpret the difference in length between the longest and shortest specimens in an insect collection.

Secondary in this topic:
4.NF.B.3d: Solve word problems involving addition and subtraction of fractions referring to the same whole and having like denominators, e.g., by using visual fraction models and equations to represent the problem.

4.NF.A.1: Explain why a fraction a/b is equivalent to a fraction (n × a)/(n × b) by using visual fraction models, with attention to how the number and size of the parts differ even though the two fractions themselves are the same size. Use this principle to recognize and generate equivalent fractions.

	Aspects of Rigor targeted by the standards
	Primary in this topic:
Application

Secondary in this topic:
Conceptual Understanding, Procedural Skill and Fluency

	Applicable information from the progression documents
	[image: ] [image: ]
(See p. 10 in the MD Progressions.)

	Essential Questions(s)
	N/A





[image: Image result for pencil clip art]
Assessment Guidance, Topic 11 
	· Topic Assessment
Performance Assessment		

	Item #/Action
	Why?

	1. As Is
	

	2. As Is
	

	3. As Is
	

	4. As Is	
	

	5. As Is	
	

	6. Delete
	4.MD.B.4 requires data to be measurements in fractions of a unit.

	7. Delete
	4.MD.B.4 requires data to be measurements in fractions of a unit.

	8. As Is	
	

	9. Delete
	Aligns to 8.SP (outliers).













	Grade 4, Topic 12: Understand and Compare Decimals 



	Standards addressed
	Primary in this topic:
4.NF.C.5: Express a fraction with denominator 10 as an equivalent fraction with denominator 100, and use this technique to add two fractions with respective denominators 10 and 100.4 For example, express 3/10 as 30/100, and add 3/10 + 4/100 = 34/100.

4.NF.C.6: Use decimal notation for fractions with denominators 10 or 100. For example, rewrite 0.62 as 62/100; describe a length as 0.62 meters; locate 0.62 on a number line diagram.

4.NF.C.7: Compare two decimals to hundredths by reasoning about their size. Recognize that comparisons are valid only when the two decimals refer to the same whole. Record the results of comparisons with the symbols >, =, or <, and justify the conclusions, e.g., by using a visual model.

Secondary in this topic:
4.MD.A.2: Use the four operations to solve word problems involving distances, intervals of time, liquid volumes, masses of objects, and money, including problems involving simple fractions or decimals, and problems that require expressing measurements given in a larger unit in terms of a smaller unit. Represent measurement quantities using diagrams such as number line diagrams that feature a measurement scale.

	Aspects of Rigor targeted by the standards
	Primary in this topic:
Conceptual Understanding

Secondary in this topic:
Application

	Applicable information from the progression documents
	[image: ]
[image: ]
(See p. 9 in the NF Progressions.)

	Essential Question(s)
	How can fractions can be expressed as decimal fractions?
How can fraction understanding be used to read, write, and compare decimal fractions?






[image: Image result for gold anchor]
Anchor Tasks
	Task
	Explanation

	Dimes and Pennies
	This task brings in the familiar context of money to emphasize the decimal fraction relationship.

	Expanded Fractions and Decimals
	This task reinforces the decimal fraction relationship with attention to place value.

	12-3 Solve and Share
	Comparing decimal fractions

	12-4 Solve and Share
	Addition of decimal fractions, the problem asks students to add a fraction with 10 as denominator and 100 as denominator, which continues to reinforce decimal fractions and place value

	12-5 Visual Learning Bridge
	This is an addition problem involving money, reinforcing the decimal fraction relationship.




Topic Rules of Thumb
	Rule 
	Why?

	Strategies and models should be presented to students as options, with extra emphasis on strategies and models that are generalizable, such as the equal groups meaning of multiplication.

	Students should choose the strategy or model that makes sense to them.
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Assessment Guidance, Topic 12 
	· Topic Assessment
Performance Assessment		

	Item #/Action
	Why?

	1. Modify: Revise text. Replace “that shows “with “that is equivalent to.”
	Item is mathematically ambiguous.

	2. As Is
	

	3. Modify: Delete text “Draw or use coins and bills to solve.”
	Item requires specific model. 

	4. As Is
	

	5. As Is
	

	6. As Is
	

	7. As Is
	

	8. As Is	
	

	9. Delete
	Aligns to 3.NF.A.2B (placing fractions on a number line).

	10. As Is
	

	11. As Is
	

	12. Delete
	4.NF.C.6 does not require Application. 




	Grade 4, Topic 13: Measurement: Find Equivalence in Units of Measure



	Standards addressed
	Primary in this topic:
4.MD.A.1: Know relative sizes of measurement units within one system of units including km, m, cm; kg, g; lb, oz.; l, ml; hr, min, sec. Within a single system of measurement, express measurements in a larger unit in terms of a smaller unit. Record measurement equivalents in a two-column table. For example, know that 1 ft is 12 times as long as 1 in. Express the length of a 4 ft snake as 48 in. Generate a conversion table for feet and inches listing the number pairs (1, 12), (2, 24), (3, 36), ...

4.MD.A.2: Use the four operations to solve word problems involving distances, intervals of time, liquid volumes, masses of objects, and money, including problems involving simple fractions or decimals, and problems that require expressing measurements given in a larger unit in terms of a smaller unit. Represent measurement quantities using diagrams such as number line diagrams that feature a measurement scale.

Secondary in this topic:
4.NBT.B.5: Multiply a whole number of up to four digits by a one-digit whole number, and multiply two two-digit numbers, using strategies based on place value and the properties of operations. Illustrate and explain the calculation by using equations, rectangular arrays, and/or area models.

4.NF.B.3d: Solve word problems involving addition and subtraction of fractions referring to the same whole and having like denominators, e.g., by using visual fraction models and equations to represent the problem.

4.NF.B.4c: Solve word problems involving multiplication of a fraction by a whole number, e.g., by using visual fraction models and equations to represent the problem. For example, if each person at a party will eat 3/8 of a pound of roast beef, and there will be 5 people at the party, how many pounds of roast beef will be needed? Between what two whole numbers does your answer lie?

	Aspects of Rigor targeted by the standards
	Primary in this topic:
Application, Conceptual Understanding

Secondary in this topic:
Procedural Skill and Fluency

	Applicable information from the progression documents
	[image: ]
[image: ]
(See p. 20 in the MD Progressions.)

	Essential Question(s)
	N/A






[image: Image result for pencil clip art]
Assessment Guidance, Topic 13 
	· Topic Assessment
Performance Assessment	

	Item #/Action
	Why?

	Give students a list of conversions necessary for completing the problems on the assessment, such as those found on page 723 in the reteaching section.
	The assessment contains more measurement quantities than listed in the standard (e.g., pints, quarts, tons). 

	1. As Is
	

	2. As Is
	

	3. As Is
	

	4. As Is	
	Note: Prompt does not require a variable; accept answer that shows 7x5=35 as the equation and 35 square feet as the area.

	5. As Is
	

	6. As Is
	

	7. As Is
	

	8. As Is		
	

	9. As Is
	

	10. As Is
	

	11. As Is
	

	12. As Is
	

	13. Delete
	Repeats content from previous items.




	Grade 4, Topic 14: Algebra: Generate and Analyze Patterns



	Standards addressed
	Primary in this topic:
4.OA.C.5: Generate a number or shape pattern that follows a given rule. Identify apparent features of the pattern that were not explicit in the rule itself. For example, given the rule “Add 3” and the starting number 1, generate terms in the resulting sequence and observe that the terms appear to alternate between odd and even numbers. Explain informally why the numbers will continue to alternate in this way.

	Aspects of Rigor targeted by the standards
	Primary in this topic:
Conceptual Understanding

	Applicable information from the progression documents
	[image: ]
[image: ]
(See pp. 30–31 in the OA Progressions.)

	Essential Question(s)
	N/A
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Assessment Guidance, Topic 14 
	· Topic Assessment
Performance Assessment		

	Item #/Action
	Why?

	1. As Is
	

	2. Delete
	4.OA.C.5 does not require Application. 

	3. As Is
	

	4. As Is
	

	5. As Is
	

	6. Delete	
	Mathematically inaccurate: The “numbers” are technically “digits” in this case that need to be composed to form numbers.

	7. Delete
	Mathematically inaccurate: Rule is never given/stated in a way that could generate a pattern. 

	8. As Is	
	

	9. Delete
	Not aligned to central concern of 4.OA.C.5.

	10. Delete
	Aligned to 6.RP.A (ratios).

	11. As Is
	

	12. As Is
	




	Grade 4, Topic 15: Geometric Measurement: Understand Concepts of Angles and Angle Measurement



	Standards addressed
	Primary in this topic:
4.MD.C.5: Recognize angles as geometric shapes that are formed wherever two rays share a common endpoint, and understand concepts of angle measurement:

4.MD.C.5a: An angle is measured with reference to a circle with its center at the common endpoint of the rays, by considering the fraction of the circular arc between the points where the two rays intersect the circle. An angle that turns through 1/360 of a circle is called a “one-degree angle,” and can be used to measure angles.

4.MD.C.5b: An angle that turns through n one-degree angles is said to have an angle measure of n degrees.

4.MD.C.6: Measure angles in whole-number degrees using a protractor. Sketch angles of specified measure.

4.MD.C.7: Recognize angle measure as additive. When an angle is decomposed into non-overlapping parts, the angle measure of the whole is the sum of the angle measures of the parts. Solve addition and subtraction problems to find unknown angles on a diagram in real world and mathematical problems, e.g., by using an equation with a symbol for the unknown angle measure.

4.G.A.1: Draw points, lines, line segments, rays, angles (right, acute, obtuse), and perpendicular and parallel lines. Identify these in two-dimensional figures.

	Aspects of Rigor targeted by the standards
	Primary in this topic:
Conceptual Understanding, Procedural Skill and Fluency

Secondary in this topic:
Application

	Applicable information from the progression documents
	[image: ]
[image: ]
[image: ]
(See pp. 22–23 in the MD Progressions.)

	Essential Questions(s)
	N/A
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Anchor Tasks
	· Topic Assessment
Performance Assessment		

	Item #/Action
	Why?

	1. As Is	
	

	2. As Is
	

	3. As Is
	

	4. Delete
	Does not align to central concern of 4.G.A.1.

	5. Delete	
	Does not align to central concern of 4.G.A.1.

	6. Delete	
	Vocabulary used in question is not an expectation for grade 4 students. 

	7. Delete
	Vocabulary used in question is not an expectation for grade 4 students.

	8. As Is	
	

	9. Delete
	Mathematical Accuracy: The idea of “more open” vs. “less open” is in conflict with the development of angle measure within a circle. The terms lose meaning for angles with measure >180 degrees.

	10. As Is
	

	11. Delete
	Mathematical Accuracy: Stars are a poor representation of the undefined term “point” in geometry.

	12. As Is
	

	13. As Is
	






	Grade 4, Topic 16: Lines, Angles, and Shapes



	Standards addressed
	Primary in this topic:
4.G.A.1: Draw points, lines, line segments, rays, angles (right, acute, obtuse), and perpendicular and parallel lines. Identify these in two-dimensional figures.

4.G.A.2: Classify two-dimensional figures based on the presence or absence of parallel or perpendicular lines, or the presence or absence of angles of a specified size. Recognize right triangles as a category, and identify right triangles.

4.G.A.3: Recognize a line of symmetry for a two-dimensional figure as a line across the figure such that the figure can be folded along the line into matching parts. Identify line-symmetric figures and draw lines of symmetry.

	Aspects of Rigor targeted by the standards
	Primary in this topic:
Conceptual Understanding, Procedural Skill and Fluency

	Applicable information from the progression documents
	
[image: ]
[image: ]
[image: ]
(See pp. 15–16 in the G Progressions.)

	Essential Question(s)
	N/A
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Assessment Guidance, Topic 16 
	· Topic Assessment
Performance Assessment		

	Item #/Action
	Why?

	1. As Is
	Note: Square, rectangle, and rhombus are also correct answers.

	2. As Is	
	

	3. As Is
	

	4. Delete
	Item is not mathematically accurate.

	5. As Is	
	

	6. As Is	
	

	7. As Is
	

	8. As Is	
	

	9. Delete
	Aligned to 7.G.A.2 (angle relationships).

	10. Delete
	Does not align to central concerns of 4.G.A.2.

	11. Delete
	Item is not mathematically accurate.

	12. As Is
	

	13. As Is
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Use place value understanding and properties of operations to
perform multi-digit arithmetic Students fluently add and subtract
‘multi-digit numbers through 1,000,000 using the standard algorithm 1
Because students in Grade 2 and Grade 3 have been using at least
one method that readily generalizes to 1,000,000, this extension does
not have to take a long time. Thus, students will have time for the
‘major NBT focus for this grade: multiplication and division.




image6.png
Multiplication Compare Consider two diving boards, one 40 feet
high, the other 8 feet high. Students in earlier grades learned to
compare these heights in an additive sense—"This one is 32 feet
higher than that one’—by solving additive Compare problems?O*!
and using addition and subtraction to solve word problems involving
length2MD5 Stydents in Grade 4 learn to compare these quanti-
ties multiplicatively as well: “This one is 5 times as high as that
one 40A1.40A24MD1.4MD2 |y an additive comparison, the underly-
ing question is what amount would be added to one quantity in order
to result in the other. In a multiplicative comparison, the underly-
ing question is what factor would multiply one quantity in order to
result in the other. Multiplication Compare situations are shown in
Table 3.

Language can be difficult in Multiplication Compare problems.
The language used in the three examples in Table 3 s fairly simple,
g, ‘A red hat costs 3 times as much as the blue hat’ Saying the
comparing sentence in the opposite way is more difficult. It could
be said using division, e.g, “The cost of a red hat divided by 3 is
the cost of a blue hat” It could also be said using a unit fraction,
g, "A blue hat costs one-third as much as a red hat"; note however
that multiplying by a fraction in not an expectation of the Stan-
dards in Grade 4. In any case, many languages do not use either
of these options for saying the opposite comparison. They use the
terms three times more than and three times less than to describe
opposite multiplicative comparisons. These did not used to be ac-
ceptable usages in English because they mix the multiplicative and
additive comparisons and are ambiguous. If the cost of a red hat is
three times more than a blue hat that costs $5, does a red hat cost
$15 (three times as much) or $20 (three times more than: a differ-
ence that is three times as much)? However, the terms three times
more than and three times less than are now appearing frequently
in newspapers and other written materials. It is recommended to
discuss these complexities with Grade 4 students while confining
problems that appear on tests or in multi-step problems to the well-
defined multiplication language in Table 3. The tape diagram for the
additive Compare situation that shows a smaller and a larger tape
can be extended to the multiplication Compare situation.
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Tape diagram used to solve the Compare problem in Table 3

Biis the cost of a blue hat in dollars
Ris the cost of a red hat in dollars

$6 3xB=R

$6 [ $6 [ $6 3 x $6 =818

A tape diagram used to solve a Compare problem

A big penguin will eat 3 times as much fish as a small penguin.
The big penguin will eat 420 grams of fish. All together, how
much will the two penguins eat?

4209
_

Small penguin:

B = number of grams the big penguin eats
S = number of grams the small penguin eats
3.5=8
3.5 =420
S =140

S + B = 140 + 420
= 560
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In fourth grade, students compute products of one-digit num-
bers and multi-digit numbers (up to four digits) and products of two
two-digit numbers.*"8"> They divide multi-digit numbers (up to four
digits) by one-digit numbers. As with addition and subtraction, stu-
dents should use methods they understand and can explain. Visual
representations such as area and array diagrams that students draw
and connect to equations and other written numerical work are use-
ful for this purpose, which is why 4NBT5 explicitly states that they
are to be used to illustrate and explain the calculation. By reason-
ing repeatedly (MP8) about the connection between math drawings
and written numerical work, students can come to see multiplica-
tion and division algorithms as abbreviations or summaries of their
reasoning about quantities.
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Each part of the ragion above carresponds o one o the s in
the computation bolow.

8x500 = 8x(500+40+0)
850048 x40+8x0

4 area model can be used for any muliplcation situaion after
‘Studonts have discussed how o show an equal roups or &
‘compare siuaton withan aroa model by making the longth of
the rectangle reprasant h size of the equsl rougs or the farger
‘compared quantty imagining things insido he square units fo
make an aray (but notcrawing them), and understaning that
the dimensions ol the rectanglo aro he samo as th dimensions.
of the imagined array, ... an aay lstrating 8 x 549 would
have 8 rows and 549 colunns. (Soe the Oporations and
Algobrac Thinking Progression for discussion ol ‘equal groups™
‘and “compare”sitations)
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One component of understanding general methods for multiplica-
tion is understanding how to compute products of one-digit numbers
and multiples of 10, 100, and 1000. This extends work in Grade 3 on
products of one-digit numbers and multiples of 10. We can calculate
6 x 700 by calculating 6 x 7 and then shifting the result to the left
two places (by placing two zeros at the end to show that these are
hundreds) because 6 groups of 7 hundred is 6 x 7 hundreds, which is
42 hundreds, or 4,200. Students can use this place value reasoning,
which can also be supported with diagrams of arrays or areas, as
they develop and practice using the patterns in relationships among
products such as 6 x 7, 6 x 70, 6 x 700, and 6 x 7000. Products of 5
and even numbers, such as 5 x 4, 5 x 40, 5 x 400, 5 x 4000 and 4 x 5,
4 x50, 4x500, 4x5000 might be discussed and practiced separately
afterwards because they may seem at first to violate the patterns
by having an “extra” 0 that comes from the one-digit product.

Another part of understanding general base-ten methods for multi-
digit multiplication is understanding the role played by the distribu-
tive property. This allows numbers to be decomposed into base-ten
units, products of the units to be computed, then combined. By de-
composing the factors into base-ten units and applying the distribu-
tive property, multiplication computations are reduced to single-digit
multiplications and products of numbers with multiples of 10, of 100,
and of 1000. Students can connect diagrams of areas or arrays to
numerical work to develop understanding of general base-ten mul-
tiplication methods.
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lllustrating partial products with an area model
90 + 4

30x90=
3tensx 9tens=
27 hundreds =
2700

The products of base-ten units are shown as parts of a
rectangular region. Such area models can support
understanding and explaining of different ways to record
multiplication. For students who struggle with the spatial
demands of other methods, a useful helping step method is to
make a quick sketch like this with the lengths labeled and just
the partial products, then to add the partial products outside the
rectangle.
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Computing products of two two-digit numbers requires using the
distributive property several times when the factors are decomposed
into base-ten units. For example,

36x94 = (30+6) x (94)
= 30x94+6x094
= 30 x (90 +4)+6x (90 +4)
= 30x90+30x4+6x90+6x 4.

The four products in the last line correspond to the four rectan-
gles in the area model in the margin. Their factors correspond to the
factors in written methods. When written methods are abbreviated,
some students have trouble seeing how the single-digit factors are
related to the two-digit numbers whose product is being computed
(MP2). They may find it helpful initially to write each two-digit
number as the sum of its base-ten units (e.g, writing next to the
calculation 94 = 90 + 4 and 36 = 30 + 6) so that they see what
the single digits are. Some students also initially find it helpful
to write what they are multiplying in front of the partial products
(e.g., 6 x 4 = 24). These helping steps can be dropped when they
are no longer needed. At any point before or after their acquisi-
tion of fluency, some students may prefer to multiply from the left
because they find it easier to align the subsequent products under
this biggest product.
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Methods that compute partial products first

Showing the Recording the carries below
partial products for correct place value placement
9 9
%36 thinking %36
o " ot

P
e
2700  3tensx9tens 3384
3384 R

These proceed from right to left, but could go left to right. On the
right, digits that represent newly composed tens and hundreds
are written below the line instead of above 94. The digits 2 and 1
are surrounded by a blue box. The 1 from 30 x 4 = 120 is
placed correctly in the hundreds place and the digit 2 from

30 x 90 = 2700 is placed correctly in the thousands place. If
these digits had been placed above 94, they would be in
incorrect places. Note that the 0 (surrounded by a yellow box) in
the ones place of the second row of the method on the right is
there because the whole row of digits is produced by multiplying
by 30 (not 3). Colors on the left correspond with the area model
above.
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Methods that alternate multiplying and adding

These methods put the newly composed units from a partial
product in the correct column, then they are added to the next
partial product. These alternating methods are more difficult
than the methods above that show the four partial products. The
first method can be used in Grade 5 division when multiplying a
partial quotient times a two-digit divisor.

Not shown is the recording method in which the newly composed
units are written above the top factor (e.g., 94). This puts the
hundreds digit of the tens times ones product in the tens column
(e.g., the 1 hundred in 120 from 30 x 4 above the 9 tens in 94).
This placement violates the convention that students have
learned: a digit in the tens place represents tens, not hundreds.
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General methods for computing quotients of multi-digit numbers
and one-digit numbers rely on the same understandings as for mul-
tiplication, but cast in terms of division.***™ One component is quo-
tients of multiples of 10, 100, or 1000 and one-digit numbers. For
example, 42 + 6 is related to 420 + 6 and 4200 + 6. Students can
draw on their work with multiplication and they can also reason
that 4200 = 6 means partitioning 42 hundreds into 6 equal groups,
so there are 7 hundreds in each group.

Another component of understanding general methods for multi-
digit division computation is the idea of decomposing the dividend
into like base-ten units and finding the quotient unit by unit, start-
ing with the largest unit and continuing on to smaller units. See
the figure in the margin. As with multiplication, this relies on the
distributive property. This can be viewed as finding the side length
of a rectangle (the divisor is the length of the other side) or as al-
locating objects (the divisor is the number of groups or the number
of objects in each group). See the figure on the next page for an
example.

Multi-digit division requires working with remainders. In prepa-
ration for working with remainders, students can compute sums of
a product and a number, such as 4 x 8 + 3* In multi-digit division,
students will need to find the greatest multiple less than a given
number. For example, when dividing by 6, the greatest multiple of
6 less than 50 is 6 x 8 = 48. Students can think of these “greatest
multiples” in terms of putting objects into groups. For example, when
50 objects are shared among 6 groups, the largest whole number of
objects that can be put in each group is 8, and 2 objects are left
over. (Or when 50 objects are allocated into groups of 6, the largest
whole number of groups that can be made is 8, and 2 objects are left
over) The equation 6 x 8 4+ 2 =50 (or 8 x 6 + 2 = 50) corresponds
with this situation.

Cases involving 0 in division may require special attention. See
the figure below.
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Division as finding group size

< 3745
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%
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2hunds 2hunde + 4 tens 2hunde + dtens +8

745 < 3 can be viewed as allocating 745 objects bundled in 7
hundreds, 4 ens, and 3 ones equally among 3 groups. In Step
1, the 2 indicates that each group got 2 hundreds, the 6 is the
‘number of hundreds allocated, and the 1 is the number of
"hundreds not allocated. After Step 1, the remaining hundred is
decomposed as 10 tens and combined with the 4 tens (in 745) to
make 14 tens.
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Cases involving 0 in division
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Division as finding side length

2 hundreds + 2 tens + 2 ones

Method A Method B

8
Find the unknown length o the )"
rectangl: frst find the hundreds, 7738
then th tens, then the ones. “mm

100+ 72
The lengih has 1 hundred, making 8  petnoq A records the Method B records only the hundreds
rectangie with area 700. diference ofthe areasas  digt (2) ofthe difference and ‘rings
966 - 700 = 266, showing the  down’ the unchanged tens digi (6).
remaining area (266). Only  These digits represent:
hundreds are subiracted: the 2 hundfeds + 6 tens = 26 tens.
tens and ones digits do not
change.
100 + 3042
Method A records the Method B records only the tens dgit
WW"’J'-'?”"‘"'V' difference of the areas as. (5) of the difference and ‘brings down”
rectangle with area 210. 266~ 210 = 56. Only hundreds ~ the ones digt (6). These digits
and tens are subtracted: the  represent: 5 tens + 6 ones = 56 ones.
nes dgit does not change.

100 + 3048

The length has 8 ones, making &N yyenoq 4 shows each partisl  Method B abbrevistes these partial
area of 6. The original reCangle. ot and has e fnal siep  quotients. These can be said explcity

can now be seen as composed of  aiing them (going from when explaining the method (e.g., 7
";:""W"‘:"WW"'" 100 +30 + 810 138). hundreds subtracted from the 9
ofthe amounts et were subtacted hundreds s 2 hundreds).

966 7 can b viewed as inding the
unknown sde ength of o rectanguiar
region with area 966 square unis
‘and a side of length 7 units. The
divisor, partial quotients (100, 30, 8),
‘and final quotient (138) represent
quaniies i length units and the
dividend represents a quantity in
area unis.
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Fourth graders extend problem solving to multi-step word prob-
lems using the four operations posed with whole numbers. The same
limitations discussed for two-step problems concerning representing
such problems using equations apply here. Some problems might
easily be represented with a single equation, and others will be
more sensibly represented by more than one equation or a diagram
and one or more equations. Numbers can be those in the Grade 4
standards, but the number of steps should be no more than three
and involve only easy and medium difficulty addition and subtraction
problems.
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Remainders In problem situations, students must interpret and use
remainders with respect to context*0A3 For example, what is the
smallest number of busses that can carry 250 students, if each bus
holds 36 students? The whole number quotient in this case is 6
and the remainder is 34; the equation 250 = 6 x 36 + 34 expresses
this result and corresponds to a picture in which 6 busses are com-
pletely filled while a seventh bus carries 34 students. Notice that
the answer to the stated question (7) differs from the whole number
quotient.

On the other hand, suppose 250 pencils were distributed among
36 students, with each student receiving the same number of pen-
cils. What is the largest number of pencils each student could have
received? In this case, the answer to the stated question (6) is the
same as the whole number quotient. If the problem had said that
the teacher got the remaining pencils and asked how many pencils
the teacher got, then the remainder would have been the answer to
the problem.
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Factors, multiples, and prime and composite numbers  Students
extend the idea of decomposition to multiplication and learn to use
the term multiple.*** Any whole number is a multiple of each of
its factors, so for example, 21 is a multiple of 3 and a multiple of 7
because 21 = 3 7. A number can be multiplicatively decomposed
into equal groups and expressed as a product of these two factors
(called factor pairs). A prime number has only one and tself as
factors. A composite number has two or more factor pairs. Students
examine various patterns in factor pairs by finding factor pairs for
all numbers 1 to 100 (e.g. no even number other than 2 will be prime
because it always will have a factor pair including 2). To find all
factor pairs for a given number, students can search systematically,
by checking if 2 is a factor, then 3, then 4, and so on, until they
Start to see a “reversal” in the pairs (for example, after fining the
pair 6 and 9 for 54, students will next find the reverse pair, 9 and
6; all subsequent pairs will be reverses of previously found pairs).
Students understand and use of the concepts and language in this
area, but need not be fluent in finding all factor pairs. Determining
whether a given whole rumber in the range 1 to 100 is a multiple of
a given one-digit number s a matter of interpreting prior knowledge
of division in terms of the language of multiples and factors.
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Equivalent fractions Students can use area models and number
line diagrams to reason about equivalence.*NF1 They see that the
numerical process of multiplying the numerator and denominator of
a fraction by the same number, n, corresponds physically to par-
titloning each unit fraction piece into n smaller equal pieces. The
whole is then partitioned into n times as many pieces, and there
are n times as many smaller unit fraction pieces as in the original
fraction.
This argument, once understood for a range of examples, can
be seen as a general argument, working directly from the Grade 3
understanding of a fraction as a point on the number line.
The fundamental property can be presented in terms of division,
as in, eqg.
28 28+4 7
36 364 9
Because the equations 28 +4 = 7 and 36 ~ 4 = 9 tell us that
28 =4 x 7 and 36 = 4 x 9, this is the fundamental fact in disguise:
4x7 7

4x9 9

It is possible to over-emphasize the importance of simplifying frac-
tions in this way. There is no mathematical reason why fractions
must be written in simplified form, although it may be convenient to
do so in some cases.
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Grade 4 students use their understanding of equivalent frac-
tions to compare fractions with different numerators and different
denominators. *NF2 For example, to compare g s and 15 theg rewrite

both fractions as
60 (_12x5 and 5 ( 7x8
96\ 12x8 96\ 12x8
Because o8 and "5 have the same denominator, students can com-

pare them using Grade 3 methods and see that —6 is smaller, so

T2
2°%

Students also reason using benchmarks such as % and 1. For

example, they see that I < 13 because I is less than 1 (and is
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therefore to the left of 1) but 3 is greater than 1 (and is therefore
to the right of 1).

Grade 5 students who have learned about fraction multiplication
can see equivalence as ‘multiplying by 1%

77 7 4 28

Sl i e

979 9717 36

However, although a useful mnemonic device, this does not constitute
a valid argument at this grade, since students have not yet learned
fraction multiplication.
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Adding and subtracting fractions The meaning of addition is the
same for both fractions and whole numbers, even though algorithms
for calculating their sums can be different. Just as the sum of 4
and 7 can be seen as the length of the segment obtained by joining
together two segments of lengths 4 and 7, so the sum of 2 and &
can be seen as the length of the segment obtained joining together
two segments of length % and . It is not necessary to know how
much 3 + % is exactly in order to know what the sum means. This
is analogous to understanding 51 x 78 as 51 groups of 78, without
necessarily knowing its exact value.

This simple understanding of addition as putting together allows
students to see in a new light the way fractions are built up from
unit fractions. The same representation that students used in Grade
4 to see a fraction as a point on the number line now allows them to
see a fraction as a sum of unit fractions: justas 5 = 1+1+1+1+1,
= 51 1 111

3737373733
because £ is the total length of 5 copies of 3 *NF3
Armed with this insight, students decompose and compose frac-

tions with the same denominator. They add fractions with the same

denominator:+NF3<
7 4
7.4 T, 1T, 1
AT U
575 T 57575 Ts
s

Using the understanding gained from work with whole numbers of
the relationship between addition and subtraction, they also subtract

fractions with the same denominator. For example, to subtract & from

42, they decompose

o
[

ale
8
1
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Students also compute sums of whole numbers and fractions, by
representing the whole number as an equivalent fraction with the
same denominator as the fraction, e.g.

1 1.3 . 1_36

B=TtE=T 5T
Students use this method to add mixed numbers with like denominators.”
Converting a mixed number to a fraction should not be viewed as a
separate technique to be learned by rote, but simply as a case of
fraction addition.
Similarly, converting an improper fraction to a mixed number is a

matter of decomposing the fraction into a sum of a whole number and
a number less than 1.*NF3b Stydents can draw on their knowledge
from Grade 3 of whole numbers as fractions. For example, knowing
that 1 = 3, they see

5_3

3737
Repeated reasoning with examples that gain in complexity leads to a
general method involving the Grade 4 NBT skill of finding quotients
and remainders *NBT6 For example,

2

4T_(x6)+5 _Tx6 5 .5
-6 ~ 6 ts "%

When solving word problems students learn to attend carefully
to the underlying unit quantities. In order to formulate an equation
of the form A+ B = C or A— B = C for a word problem, the numbers
A, B, and C must all refer to the same (or equivalent) wholes or unit
amounts *NF3d For example, students understand that the problem

Bill had 3 of a cup of juice. He drank } of his juice. How
much juice did Bill have left?

cannot be solved by subtracting 3 — § because the 3 refers to a cup
of juice, but the } refers to the amount of juice that Bill had, and not
to a cup of juice. Similarly, in solving

If 4 of a garden is planted with daffodils, % with tulips,
and the rest with vegetables, what fraction of the garden
is planted with flowers?

students understand that the sum § + tells them the fraction of the
garden that was planted with flowers, but not the number of flowers
that were planted.
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Representation of 2 + £ as a length
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Multiplication of a fraction by a whole number Previously in

Grade 3, students learned that 3 x 7 can be represented as the num-

ber of objects in 3 groups of 7 objects, and write this as 7+ 7 + 7.

Grade 4 students apply this understanding to fractions, seeing
1.1 1 1

1 1
§+§+§+§+§ as 5><§A
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In general, they see a fraction as the numerator times the unit frac-
4NF4a

tion with the same denominator, eg.,
Tl Mgt
5 5 3 3

The same thinking, based on the analogy between fractions and
whole numbers, allows students to give meaning to the product of a

whole number and a fradion,4NF4b eg., they see
32 oo 2,.2,2_3x2 6
5 555 5 5

Students solve word problems involving multiplication of a frac-
tion by a whole number.*NF4c

If a bucket holds 2% gallons and 43 buckets of water fill
a tank, how much does the tank hold?

The answer is 43 x 2% gallons, which is

3 11 473 1
43 x (2+Z) =43 x -7 —1181 gallons
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Students also combine competencies from different domains as
they solve measurement problems using all four arithmetic opera-
tions, addition, subtraction, multiplication, and division (see exam-
ples in Table 1).*MP2 For example, ‘How many liters of juice does
the class need to have at least 35 cups if each cup takes 225 ml?"
Students may use tape or number line diagrams for solving such
problems (MP1)
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A line plot of the bamboo shoot data
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Grade 4 students learn elements of fraction equivalence*™N™' and
arithmetic, including multiplying a fraction by a whole number*N-4
and adding and subtracting fractions with like denominators, N3
‘Students can use these skils to solve problems, including problems
that arise from analyzing line plots. For example, with reference to
the line plot above, students might find the difference between the
greatest and least values in the data. (In solving such problems,
Students may need to label the measurement scale in eighths so as
to produce like denominators. Decimal data can also be used in this
arade)
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Decimals ~ Fractions with denominator 10 and 100, called decimal
ractions, arise naturally when student convert between dollars and
cents, and have a more fundamental importance, developed in Grade
5, in the base 10 system For example, because there are 10 dimes
in a doller, 3 dimes is 3 of a dollar; and it s also 2 of a dollar
because it is 30 cents, and there are 100 cents in a dollar. Such
reasoning provides a concrete context for the fraction equivalence

3 _3x10 _30
0 1W0x10 100

Grade 4 students lear to add decimal fractions by converting them
to fractions with the same denominator, in preparation for general
fraction addition in Grade 5:F5
3,z _3 a5
100~ 100 100 100
They can interpret ths as saying that 3 dimes together with 27 cents
make 57 cents.
Fractions with denominators equal to 10, 100, etc, such
mom
0 W

can be written by using a decimal point as*NF

27, 027

The number of digits to the right of the decimal point indicates
the number of zeros in the denominator, so that 2.70 = 22 and
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7 because.

200 _10x27 _ 27
TI0 T 10x10 10

Students compare decimals using the meaning of a decimal as
a fraction, making sure to compare fractions with the same denomi-
nator. For example, to compare 0.2 and 0.09, students think of them
a5 0.20 and 0.09 and see that 0.20 > 0.09 because™

E
™ 0

The argument using the meaning of a decimal as a fraction gener-
alizes to work with decimals in Grade 5 that have more than two
digits, whereas the argument using a visual fraction model, shown
in the margin, does not. So it is useful for Grade 4 students to see
such reasoning.
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Solve problems involving measurement and conversion of mea-
surements from a larger unit to a smaller unit Fourth graders
leam the relative sizes of measurement units within a system of
measurement**0 including:

Length: meter (m), kilometer (km), centimeter (cm), mil-
limeter (mm); volume: liter (U, mililiter (ml, 1 cubic cen-
timeter of water a lter, then,is 1000 ml);

mass: gram (g, about the weight of a cc of water), kilo-
gram (ka); time: hour (hr), minute (min), second (sec).

For example, students develop benchmarks and mental images
about a meter (e.g, about the height of a tall chair) and a kilometer
(€. the length of 10 football fields including the end zones, or the
distance a person might walk in about 12 minutes), and they also
understand that *kila" means a thousand, so 3000 m is equivalent to
3km

Expressing larger measurements in smaller units within the met-
ric system s an opportunity to reinforce notions of place value. There
are prefixes for multiples of the basic unit (meter or gram), although
only a few (kilo-, centi-, and milli) are in common use. Tables
such as the one in the margin indicate the meanings of the prefixes
by showing them in terms of the basic unit (in this case, meters)
Such tables are an opportunity to develop or reinforce place value
concepts and skills in measurement activities.

Relating units within the metric system is another opportunity to
think about place value. For example, students might make  table
that shows measurements of the same lengths in centimeters and
meters.

Relating units within the traditional system provides an oppor-
tunity to engage in mathematical practices, especially “look for and
make use of structure’ (VP7) and “look for and express regularity
in repeated reasoning” (MPB). For example, students might make
a table that shows measurements of the same lengths in feet and
inches.
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Students also combine competencies from different domains as
they solve measurement problems using all four arithmetic opera-
tions, addition, subtraction, multiplication, and division (sce exam-
ples in Table 1).*M02 For example, *How many liters of juice does
the class need to have at least 35 cups i each cup takes 225 mir"
Students may use tape or number line diagrams for soling such
problems (MP1).
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Generating and analyzing patterns ~This standard*9%5 begins a
small focus on reasoning about number or shape patterns, connect-
ing a rule for a given pattern with its sequence of numbers or shapes.
Pattens that consist of repeated sequences of shapes or growing
sequences of designs can be appropriate for the grade. For example,
students could examine a sequence of dot designs in which each de-
sign has 4 more dots than the previous one and they could reason
about how the dots are organized in the design to determine the
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total number of dots in the 100* design. In examining numerical se-
quences, fourth graders can explore rules of repeatedly adding the
same whole number or repeatedly multiplying by the same whole
number. Properties of repeating patterns of shapes can be explored
with division. For example, to determine the 100™ shape in a pattern
that consists of repetitions of the sequence “square, circle, triangle.”
the fact that when we divide 100 by 3 the whole number quotient
is 33 with remainder 1 tells us that after 33 full repeats, the 99"
shape will be a triangle (the last shape in the repeating pattern), so
the 100" shape is the first shape in the pattern, which is a square.
Notice that the Standards do not require students to infer or guess
the underlying rule for a pattern, but rather ask them to generate a
pattern from a given rule and identify features of the given pattern.
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Understand concepts of angle and measure angles Angle mea-
sure is o "turning point” in the study of geometry Students often
find angles and angle measure to be difficult concepts to learn, but
that learning allows them to engage in interesting and important
mathematics. An angle is the union of two rays, a and b, with the
same initial point P. The rays can be made to coincide by rotating
one to the other about P this rotation determines the size of the
angle between a and b. The rays are sometimes called the sides of
the angles

Another way of saying this is that each ray determines a di-
rection and the angle size measures the change from one direction
to the other. (This illustrates how angle measure is related to the
concepts of parallel and perpendicular lines in Grade 4 geometry)
A clockwise rotation is considered positive in surveying or turtle
geometry; but a counterclockwise rotation is considered positive in
Euclidean geometry. Angles are measured with reference to a circle
with its center at the common endpoint of the rays, by considering
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the fraction of the circular arc between the points where the two
rays intersect the circle. An angle that turns through sk of a circle
is called a “one-degree angle,” and degrees are the tnit used to
‘measure angles in elementary school. A full rotation is thus 360°.

Two angles are called complementaryif their measurements have
the sum of 90°. Two angles are called supplementary i their mea-
surements have the sum of 180°. Two angles with the same vertex
that overlap only at a boundary (e, share a side) are called adjacent
angles.

Like length, area, and volume, angle measure is additive: The
sum of the measurements of adjacent angles is the measurement of
the angle formed by their union. This leadis to other important prop-
erties. i a right angle is decomposed into two adjacent angles, the
sum is 90°, thus they are complementary. Two adjacent angles that
compose a “straight angle” of 180° must be supplementary. In some
situations (see margin), such properties allow logicel progressions
of statements (MP3).

As with all measureable attributes, students must first recog-
nize the attribute of angle measure, and distinguish it from other
attributes. This may not appear too difficult, as the measure of
angles and rotations appears to knowledgeable adults as quite di-
ferent than attributes such as length and area. However, the unique
nature of angle size leads many students to initially confuse angle
‘measure with other, more familier, attributes. Even in contexts de-
signed to evoke a dynamic image of turning, such as hinges or doors,
‘many students use the length between the endpoints, thus teachers
find it useful to repeatedly discuss such cognitive “traps.”

Anangle

e easwramant
Tght angie £
Sraightangie o0

e angle | Bommeen 0 R0
“obluse angle | between 90" and 180"
Tolox anglo | between 160" and 360"

‘Angles created by the Intersection of two lines

When twolines infersect, they form four anges. I the
‘measurement of one s known (0., angl a s 60°), the
‘measurement of the othe three can ba determined.
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As with other concepts (eg, see the Geometry Progression), stu-
dents need varied examples and explicit discussions to avoid learn-
ing limited ideas about measuring angles (e, misconceptions that
a right angle is an angle that potnts to the right, or two right angles
represented with different orientations are not equal in measure). If
‘examples and tasks are not varied, students can develop incomplete
and inaccurate notions. For example, some come to associate all
slanted lines with 45° measures and horizontal and vertical lines
with measures of 90°. Others believe angles can be ‘read off"
protractor in ‘standard" position, that is, a base is horizontal, even if
heither arm of the angle s horizontal. Measuring and then sketching
‘many angles with no horizontal or vertical arms, M5 perhaps ni-
tially using circular 360° protractors, can help students avoid such
limited conceptions.

As with length, arca, and volume, children need to understand
equal parttioning and unit iteration to understand angle and turn
measure. Whether defined as more statically as the measure of the
fiqure formed by the intersection of two rays or as turning, having a
given angle measure involves a relationship between components of
plane figures and therclore is a property (see the Overview in the
Geometry Progression).*¢2

Given the complexity of angles and angle measure, it is unsur-

Initialy, some students may correctly compare angle sizes only if
alithe i segments are the sama langth (a5 shown n the 1.
row). I th lengths of the no sogments are difrent (a5 shown
in he bottom row), hese siudents basa thel judgments on the
longths of the segmens, he distances botwoen thei endooints,
or even the area of the tanglos doormined by the drawn arms.
They belioe thattho angles i th bottom row decrease in size
ffom et ight, athough hey have, respectival,the same.
angle measurements a5 those i the top o

4MDSigacure anglos in whale-number dagrees using a pro-
ractor. Sketch angls of specified measure.

A 360° protractor and s use.

“The fiure on th right shows & protractor being used 1o
measuro a 45" angl. The protiactor is placed 5o that one side.
oftho angl s on the o corrosponding o 0° o th protractor
e he ather sido of the angle islocaed by a clockise roalion
from that fne.
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Students describe, analyze, compare, and classify two-dimensional
Shapes by their propertics (see the footnote on p. 3), including ex-
plicit use of angle sizes*C! and the related geometric properties of
perpendicularity and parallelism *C2 They can identify these prop-
erties in two-dimensional figures. They can use side length to clas-
sify triangles as equilateral, equiangular, isosceles, or scalene; and
can use angle size to classify them as acute, right, or obtuse. They
then learn to cross-classify, for example, naming a shape as a right
isosceles triangle. Thus, students develop explicit awareness of and
vocabulary for many concepts they have been developing, incluc-
ing points, lines, line segments, rays, angles (right, acute, obtuse),
and perpendicular and parallel lines. Such mathematical terms are
useful in communicating geometric ideas, but more important is that
constructing examples of these concepts, such s drawing angles
and triangles that are acute, obtuse, and right,"C! help students
form richer concept images connected to verbal definitions. That is,
students have more complete and accurate mental images and as-
Sociated vocabulary for geometric ideas (e.g, they understand that
angles can be larger than 90° and their concept images for angles
include many images of such obtuse angles). Similarly, students see
points and lines as abstract objects: Lines are infinite in extent and
points have location but no dimension. Grids are made of points and
lines and do not end at the edge of the paper.

Students also learn to apply these concepts in varied contexts
(MP4). For example, they lean to represent angles that occur in
various contexts as two rays, explicitly including the reference line,
. a horizontal or vertical line when considering slope or a “line
of sight" in turn contexts. They understand the size of the angle as
a rotation of a ray on the reference line to a line depicting slope
or as the “line of sight” in computer environments. Students might
Solve problems of drawing shapes with turtle geometry® Analyzing
the shapes in order to construct them (MP1) requires students to
explictly formulate their ideas about the shapes (P4, MP6). For
instance, what series of commands would produce a square? How
many degrees would the turtle turn? Wha is the measure of the
resulting angle? What would be the commands for an equilateral
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triangle? How many degrees would the turtle tun? What is the
measure of the resulting angle? Such experiences help students
connect what are often iniially isolated ideas about the concept of
angle.

‘Students might explore line segments, lengths, perpendicularity,
and parallelism on different types of grids, such as rectangular and
triangular (isometric) grids (MP1, MP2)462. 463 Can you find a
non-rectangular parallelogram on a rectangular grid? Can you find
arectangle on a trianguler grid? Given a segment on a rectangular
grid that is not parallel to a grid line, draw a parallel segment of
the same length with a given endpoint. Given a half of a figure and
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aline of symmetry, can you accurately draw the other half to create
a symmetric figure?

‘Students also learn to reason about these concepts. For example,
in “quess my rule” activities, they may be shown two sets of shapes
and asked where a new shape belongs (MP1, MP2).*C2

In an interdisciplinary lesson (that includes science and engi-
eering ideas as well as items from mathematics), students might
encounter another property that all triangles have: rigidity. I four
fingers (both thumbs and index fingers) form a shape (keeping the
fingers all straight), the shape of that quadrilateral can be casily
changed by changing the angles. However, using three fingers (e,
a thumb on one hand and the index and third finger of the other
hand), students can see that the shape is fixed by the side lengths
Triangle rigicity explains why this shape is found so frequently in
bridge, high-uire towers, amusement park rides, and other construc-
tions where stabiliy is sought.

“C-2Giassity two-Gimensiona figures based onthe presence or
absence o paralll o perpondicular s, or the prosence o ab-
ence of angls of  speciied size. Recognize ight angles a5
a category,and dentilyrigh iangles.

Guess iy Rule

‘Students can be shoun the two groups ofshapes in parta and
‘asked “Whr does the shape on th et belong?” Thay might
surmise that it belongs wit the ather triangles at the botiom.
When the toacher moves i 0 the op,students mst search for &
ifarent e tha s i e cases.

Lator (partb),students may induce the rul: “Shapes with at
east one ight anglo aro a he top- Students wih rch visual
images ofright angles and good visualizaton sils wouid
‘conclude thal the shapo atth ft (even though i 10ks vaguoly
ke ancther ons akrady at the botiom) has one ight angie thus.
belongs a the top.
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Generalize place value understanding for multi-digit whole num-
bers In the base-ten system, the value of each place is 10 times the
value of the place to the immediate right""8™ Because of this, multi-
plying by 10 yields a product in which each digit of the multiplicand
is shifted one place to the left.

To read numerals between 1,000 and 1,000,000, students need
to understand the role of commas. Each sequence of three digits
made by commas is read as hundreds, tens, and ones, followed by
the name of the appropriate base-thousand unit (thousand, million,
billion, trillion, etc.). Thus, 457,000 is read “four hundred fifty seven
thousand.*8™2 The same methods students used for comparing and
rounding numbers in previous grades apply to these numbers, be-
cause of the uniformity of the base-ten system *N8™3





image2.jpg
10 x 30 represented as 3 tens each taken 10 times

30
3tens ®O6O
hundreds fens ones
10 X 30
10 groups of 30
10 of each of the 3 tens
Fundreds tens” ones
10 X 30 =300
10 times 3 tens
S— 00 @

hundreds tens’ ones’

Each of the 3 tens becomes a hundred and moves to the left. In
the product, the 3 in the tens place of 30 is shifted one place to
the left to represent 3 hundreds. In 300 divided by 10 the 3 is

shifted one place to the right in the quotient to represent 3 tens.




