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NUMBER

Core Concepts

A The real numbers include the rational
numbers and are in one- to-one correspon-
dence with the points on the number line.

B Quantities can be compared using divi-
sion, yielding rates and ratios.

C A fraction can represent the result of di-
viding the numerator by the denominator;
equivalent fractions have the same value.

D Place value and the rules of arithmetic
form the foundation for efficient algo-
rithms.

Core Skills

1. Compare numbers and make sense of their
magnitude.

2. Know when and how to use standard al-
gorithms, and perform them flexibly, ac-
curately and efficiently.

3. Use mental strategies and technology to
formulate, represent and solve problems.

4. Solve multi-step problems involving frac-
tions and percentages.

5. Use estimation and approximation to solve
problems.

Example Tasks
1. .

Two boats (boat 1 and boat 2) start off from opposite sides of a lake, each going to the side of the other.
They pass each other 800 yards from the starting point of boat 1. They continue to the starting point of the
other boat, turn around and return. This time, they pass each other 300 yards from the (original) starting point
of boat 2. How wide is the lake? (Each boat travels at a fixed speed. Ignore turn-around times.)

—Howe.
2. .

Two women, from Amsk and Damsk, start walking toward the town of the other at the same time in the
morning. They meet at noon, nod and continue on their ways. The woman from Amsk arrives at Damsk at 4
PM. The woman from Damsk arrives at Amsk at 9 PM. When did they start?

—Howe.
3. .

It is told that two honest Syrians pooled their savings and bought a grindstone. Because they lived several
miles apart, they agreed that the elder man should keep the grindstone until he had reduced it in size by just
one-half, then it should be turned over to the other. The grindstone was exactly 22 inches in diameter, with a
3 and 1

7 inch hole in the center, for the the shaft. What would be the diameter of the stone when given to the
second owner?

—Howe, From Mathematical Puzzles of Sam Loyd (Dover Publications).
4. .

Two bicyclists are riding toward each other along a road. At 8 am, they are 63 miles apart. They meet at
11 am. If one cyclist rides at 12.5 mile per hour, what is the speed of the other cyclist? (It is assumed both
cyclists ride at constant speed.)

—Howe, (Anthony Gardiner’s diagnostic problem).
5. Core Skill2, Core Skill 3.

5000 people visited a book fair in the first week. The number of visitors increased by 10% in the second
week. How many people visited the book fair in the second week?

—Howe.
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6. Core Skill 2, Core Skill 4.
The usual price of a washing machine was $400. At a sale, the price was reduced by 25%. What was the

price of the washing machine at the sale?
—Howe.

7. Core Skill 2, Core Skill 4.
Kendall bought a vase that cost $450. In addition, she had to pay 3% sales tax. How much did she pay

for the vase?
—Howe.

8. Core Skill 2, Core Skill 3, Core Skill 4.
There were 24 boys and 20 girls in a chess club last year. This year the number of boys increased by

25% but the number of girls decreased by 10%. Find the overall increase or decrease in the membership of
the club.

—Howe.
9. Core Skill 2, Core Skill 3, Core Skill 4.

Matthew had two vacuum cleaners which he bought at the same price. He sold one of them for 20% more
than he paid (20% profit), and the other for the same amount he bought it for. If he received $286 total for the
two vacuum cleaners, how much profit did he make?

—Howe.
10. Core Skill 2, Core Skill 4.

Berthilde opened a one-year CD with a deposit of $6, 000. At the end of the year, she had $6, 240 in the
CD. What rate of interest did Berthilde’s CD earn?

—Howe.
11. Core Skill 3, Core Skill 4.

(a) You find a terrific shirt, normal price $66, on sale at 30% off. There is of course the usual 6% CT sales
tax. Are you better off taking the discount on the shirt, and then paying sales tax on the reduced price, or
paying the sales tax on the full price, then getting 30% off your bill including tax? How much better off?

(b) A cashmere sweater, normal price $160, is on sale at 25% off. You are in NYC with an 8.375% (= 8 3
8%)

sales tax. Would you do better to take your discount and pay tax on the reduced amount, or pay tax on
the full amount, then take the discount on the price plus tax? By how much?

—Howe.
12. Core Skill 2, Core Skill 4.

(a) Suppose that p = ±d, and p′ = ±d′, where d and d′ are digits, that is, whole numbers from 0 to
9. Suppose a quantity changes by p% and then by p′%. Explain why the total change is within 1%
(difference, not ratio) of (p+ p′)%.

(b) For what pairs d and d′ will the total change be within 1
2% of (p+ p′)%? (In other words, when will the

percent change rounded to the nearest whole percent be (p+ p′)%?)
—Howe.

13. Core Skill 2, Core Skill 3, Core Skill 4.
(a) Given a rectangle R, with base b and height h, suppose that b increases by 100%, (while h remains the

same), and then h increased by 100% (with b not changing). What happens to the area of R? That is, by
what % does the area of R increase?

(b) Draw a picture to show this scenario.
(c) What is the ratio of the enlarged rectangle to the original rectangle?

—Howe.
14. Core Skill 1, Core Skill 2, Core Skill 4.
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(a) An inch is now officially 2.54 cm (exactly!). What is the percent difference between (to the nearest 1
10% )

between 1 inch and 2 1
2 cm?

(b) What is the percentage difference (to the nearest 1
1000% ) between one foot and 30 1

2 cm?
(c) How many feet longer would a mile be if a foot were 30 1

2 cm rather than its true value?
—Howe.

15. Core Skill 1, Core Skill 2, Core Skill 3, Core Skill 4.
Use the following information to answer the questions below.

Egyptian year = 365 days. Julian year = 365 1
4 days. Gregorian year = 365.2425 days.

(a) What is the percent difference (to the nearest hundredth of a percent) between one day plus one minute
and one day?

(b) b) What is the percent difference (to the nearest hundredth of a percent) between a Julian year and an
Egyptian year?

(c) c) Which of the above percent differences is larger? How many percent larger is the larger percent differ-
ence than the smaller percent difference?

—Howe.
16. Core Skill 1, Core Skill 2, Core Skill 3, Core Skill 4.

Use the following information to answer the questions below.
Egyptian year = 365 days. Julian year = 365 1

4 days. Gregorian year = 365.2425 days.

(a) What is the difference, in seconds, between a Gregorian year and a Julian year?
(b) How many percent shorter (to the nearest thousandth of a percent) is a Gregorian year than a Julian year?

—Howe.
17. Core Skill 4.

(a) What is the percentage difference (to the nearest 1
10%) between 1 yard and .9 m?

(b) What is the percent difference (to the nearest 1
10%) between 1 meter and 1.1 yards?

—Howe.
18. Core Skill 4, Core Skill 5.

Tradition has it that the island of Manhattan was purchased by Peter Minuit in 1626 for beads valued at
$24. Suppose this sum had been deposited in a bank and had earned constant interest, compounded annually,
steadily from 1626 until now.
(a) Calculate what the current value would be if the annual interest rate had been 6%, 7%, 8%.
(b) Try to form some estimate as to the the current value of Manhattan real estate. Which interest rate seems

better to reflect the actual growth in value of Manhattan?
—Howe.

19. Core Skill 3, Core Skill 4, Core Skill 5.
Suppose that the average population density of the world is about 120 people per square mile. Suppose

that Asia comprises 20% of the land area of the world, but contains 60% of the population.
(a) What is the average population density in Asia?
(b) What is the average population density in the rest of the world?
(c) What is the ratio of the population density in Asia to the density in the rest of the world?

Note: In this problem, you are not supposed to look up a value for the area of Asia, or the population of
Asia. You are just supposed to accept the figures as given in the problem, and work from there.

—Howe.
20. Core Skill 3, Core Skill 4, Core Skill 5.
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India has about 16% of the world population, and about 2% of the land area. What is the ratio of average
population density in India to average population density in the rest of the world?

—Howe.
21. Core Skill 3, Core Skill 4, Core Skill 5.

A certain group forms about 10% of the population, but accounts for 55% of the cases of a certain
disease. What is the ratio of the likelihood that someone in the group will get the disease, to the likelihood
that someone not in the group will get the disease?

—Howe.
22. Core Skill 3, Core Skill 4.

Suppose there is a test to diagnose a rare but serious disease. Suppose the test is 99% accurate, in the
sense that, if it is administered to 100 people that are not ill with the disease, 99 will test negative, and one
will test positive, and similarly, if the test is administered to 100 people who do have the disease, then 99 will
test positive, and one will test negative.
(a) Suppose that one person in 1000 has the disease, and a million people are given the diagnostic test. Of

the people who test positive for the disease, what percent will actually not be ill, and what percent will
be?

(b) What if the test is only 95% accurate instead of 99%? Then what percent of people who test positive will
actually not be ill?

—Howe.
23. Core Skill 3, Core Skill 4, Core Skill 5.

DNA is the genetic substance - the blueprint for planning the structure of each animal and plant. DNA is
a polymer, a long string or sequence of basic units, called bases. There are four bases: adenine (A), cytosine
(C), guanine (G) and thymine (T).

A slightly oversimplified view of the genome is that it is a sequence of bases. We can ask, what are the
subsequences (sets of consecutive bases, in order) of a given length? For example, the subsequences of length
3 of

TGGCATATGACTGT
are:
TGG, GGC, GCA, CAT, ATA, TAT, ATG, TGQ. GAC, ACT, CTG, and TGT.
A sequence of length m will have m− `+1 subsequences of length `. (The subsequences are not necessarily
all distinct as sequences.)
(a) The human genome is 6.5 billion bases long. What is the smallest length for which we can be sure,

without knowing anything about the specific sequence that makes up our DNA, that some sequence of
that length does not occur in our genome?

(b) The longest known genome (it belongs to a kind of amoeba) has nearly 1.4 trillion bases. What is the
smallest length for which we can be sure, without knowing anything about the specific sequence that
makes up the amoeba DNA, that some sequence of that length does not occur in its genome?

(c) What is the smallest length for which we can be sure, without knowing anything about the specific
sequence that makes up the amoeba DNA, that at most 1% of the possible sequences of that length occur
in its genome?

—Howe.
24. Core Skill 3, Core Skill 4.

Rubik’s Cube is a cube that is divided into smaller cubes of 1
3 the side length of the full cube. Thus, each

face of Rubik’s Cube consists of the faces of 9 of the small cubes. The faces of Rubik’s Cube are each one
color, with a different color (usually, red, white, blue, green, orange, yellow) for each face. A small cube at a
corner of Rubik’s Cube has three faces showing, one face on each of three faces of the full cube, and each of
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these small faces has the color of the face of Rubik’s Cube it is on. A small cube in the middle of an edge of
Rubik’s cube has two faces showing, one face on each of two faces of Rubik’s Cube, and each of these small
faces have the color of the face of Rubik’s Cube it is on. The small cubes at the centers of faces of Rubik’s
Cube have one face showing. It is the same color as the face of Rubik’s Cube that is is on.

Rubik’s Cube can be manipulated so that the small cubes can be rearranged. A small corner cube can be
moved to any other corner. A corner cube in a given corner can be rotated to take one of three orientations. An
edge cube can be moved to any other edge. An edge cube on a given edge can take one of two orientations.
The face cubes stay where they are and always look the same. How many different conceivable arrangements
are there for the corner and edge cubes of Rubik’s Cube?

—Howe.
25. Core Skill 2, Core Skill 3.

Consider sequences of two-digit numbers (numbers 10 through 99).
(a) Among sequences of length 11, which are the most numerous: sequences without repetition, with exactly

one repetition, or with exactly two repetitions?
(b) Same question among sequences of length 13.
(c) Same question among sequences of length 15.

—Howe.
26. Core Skill 2, Core Skill 3, Core Skill 5.

(a) Assume that we breathe about 6 liters of air per minute. How many liters do we breathe in a day?
(b) Assuming a lifetime of 75 years, how many liters of air do we breathe in a lifetime?
(c) How much does the air you breathe in a lifetime weigh? What fraction of the atmosphere is it? Express

this as a very round number.
(d) A gram of air contains approximately 2×1022 molecules of air. How many air molecules does a person

breathe in a lifetime?
(e) Although Ghengis Khan conquered the largest empire ever created, he probably breathed more or less

the average amount of air. Assume that, in the hundreds of years since he lived, the air that Ghengis
Khan breathed has been completely mixed, so that there are an essentially equal number of molecules of
GK’s breath in each gram of atmosphere. About how many molecules of GKs breath do you breathe in a
minute?

—Howe.
27. Core Skill 2, Core Skill 3.

Among the integers from 1 to 10 thousand, are there more in which the digit 1 occurs, or more in which
it does not occur? What about the integers from 1 to 10 million? Hint: How could you compute the number
of numbers in which 1 does not occur?

—Howe.
28. Core Skill 3.

License plates are usually identified by a sequence of letters and digits. Sometimes there is a fixed recipe
– i.e., three digits and then three letters – and sometimes letters and numbers can be mixed aribitrarily; or
something in between.
Suppose you want to have 10 million distinct license plates.
(a) Suppose you use only digits in your sequences. How many digits do you need to have at least 10 million

possible sequences? (You can allow 0 to appear in any place.)
(b) If you use only letters, how long should sequences be to have 10 million of them?
(c) How long a sequence of letters and numbers to you need to have at least 10 million different sequences,

assuming that each item in the sequence can be either a letter or a number?
(d) Suppose you want to have sequences that are a certain number of digits, followed by the same number of
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letters. How long should the sequences be in order to have 10 million sequences?
(e) Of the above schemes for producing at least 10 million sequences, which one produces the most? Which

one produces the least?
—Howe.

29. Core Skill 4, Core Skill 5.
In Khmer: The Lost Empire of Cambodia by T. Zephir (Harry N. Abrams, Inc.), we read (p. 16):

One of the most remarkable geo-ecological features of Cambodia is the existence, almost in the centre of the
plain, of a vast lake, which quadruples in size during the in rainy season. From June on, the waters of the lake
begin to rise, because of the combined effect of the natural flow of the rivers, the rains and the waters of the
Mekong, which is itself swollen by the snows that melt in the summer in Tibet, where it has its source. Then
the floods from the powerful river produce a curious and unusual effect: they reverse the normal course of the
Tonle Sap, the southern outlet of the Great Lake, and turn the flow of water in the opposite direction. At that
point, the surface area of this inland soft-water lake increases from 3000 to 10,000 square kilometres (from
1800 to 6200 square miles). Its waters form a perfect breeding ground for fish and these extremely favorable
conditions were no doubt why Angkor, the capital, was founded on the northern bank, at the edge of the flood
area, out of reach of the high waters, and yet close enough to an inexhaustible source of food.

Critique the numerical aspects of this passage. Assume that the figure of 3000 km2 for the area of the lake
at its smallest is accurate, and adjust the other figures in the passage so that all the information is consistent,
to at least 10% accuracy.

—Howe.
30. Core Skill 4, Core Skill 5.

(a) A square sits in a circle so that all its corners are on the circle. The circle sits in another square so that
it touches all the sides of the larger square at their midpoints. What is the ratio of the area of the larger
square to the smaller square? Choose from the alternatives below.
(a) Less than 3 (b) Between 3 and 4
(c) Between 4 and 5 (d) Between 5 and 6
(e) Greater than 6

(b) A cube sits in a sphere so that its corners lie on the sphere. The sphere sits inside a larger cube so that it
touches the center points of all the faces of the cube. What is the ratio of the volume of the larger cube to
the smaller cube? Choose from the alternatives below.
(a) Less than 3 (b) Between 3 and 4
(c) Between 4 and 5 (d) Between 5 and 6
(e) Greater than 6

—Howe.
31. Core Skill 4, Core SKill 5.

(a) A grapefruit weighs one pound. The thickness of the outer skin is 10% of the radius of the grapefruit.
What percent (to the nearest whole percent) of the weight of the grapefruit is skin? (Assume that the skin
and the fleshy part have the same density.) How much does the skin of the grapefruit weigh?

(b) The central core of the grapefruit, containing seeds and so forth, also has radius 10% of the whole grape-
fruit. What percent of the volume of the grapefruit does it occupy?

(c) Suppose it were possible to rearrange the parts of the grapefruit so that what had been the skin was now
a spherical core in the middle, and what had been the core were now the skin. This rearrangement is
assumed not to change the volume of the skin, the fleshy part, or the core, so the rearranged grapefruit
is exactly the same size as before. What % (to the nearest whole %) of the radius does the now-central,
former rind occupy?
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(d) What percent of the radius (to the nearest 1
100% does the former core, now the outer skin, occupy?

—Howe.
32. .

To one significant figure, how many gallons are in a cubic mile?
—Howe.

33. Core Skill 5.
If everyone in the world went swimming in Lake Michigan, what would happen to the water level?

(Would Chicago be flooded?)
—Howe.

34. Core Skill 3, Core Skill 4.
Domestic (cooking, washing, bathing, watering lawns, etc.) water usage per day in the US is about 150

gallons per person.
(a) How many gallons of water is used in Connecticut per year for domestic purposes?
(b) How many cubic miles of water would that be?
(c) If this layer were spread evenly over all of CT, how deep would it be? Express as a very round number of

inches.
(d) CT gets about 50 inches of rain per year. What percent of annual rainfall in CT is used for domestic

purposes?

—Howe.
35. .

The earth is believed to be somewhat over 4 billion years old. For comparison purposes, it is interesting
to measure various historical intervals in minutes.
(a) Is Hadrian’s Wall a billion minutes old? What about Ptolemy’s Almagest?
(b) Did King Tut live more or less than a two billion minutes ago?
(c) Is the Code of Hammurabi two billion minutes old?
(d) What is the percent error (to the nearest whole percent) in saying that the Code of Hammurabi is two

billion minutes old?
(e) Has writing existed for more than three billion minutes?

—Howe.
36. Core Skill 4, Core Skill 5.

(a) Using a typical value for the radius of the earth, and the formula A = 4πr2 for the area of a sphere of
radius r, calculate the surface area of the earth in square miles, and in square kilometers.

(b) Approximate your answer by part (a) “single place number” - a digit times a power of 10. (That is, a
single place number is a digit followed by zeroes.) (Do this for both square miles and square kilometers.)
What is the percent error in each case?

—Howe.
37. Core Skill 4, Core Skill 5.

Find values for the (human) population of the world, the number of births each year, and the total number
of deaths. Express all your answers to two significant figures.
(a) On average, how many people are born each day? Each second?
(b) On average, how many people are being born right now?
(c) On average, how many people die each day? Each second?
(d) On average, by how much does the population of the world increase each day? Each second?
(e) Find some cities with approximately the same population as the answer to part (d)

—Howe.
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38. Core Skiil 4, Core Skill 5.
The (average) population density of a given region is the total number of people living in that region,

divided by the area of that region. It is expressed in people per unit area. For example, if 100,000 people live
in an area of 1000 square miles, the population density is 100,000

1000=100 people per square mile.
(a) Ignoring issues of habitability, what is the average population density of the (land area of the) earth? Take

6.7 billion as the population of the earth. Use square miles as the unit of area.
(b) What is the average population density of the United States? (The contiguous 48 states, not counting

Alaska.)
(c) How does this change if Alaska is included?
(d) What is the average population density of India?
(e) What would be the population of the United States (the contiguous 48 states) if it had the same population

density as India?
—Howe.

Sources

1. Howe, Roger
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Quantity

Core Concepts

A The value of a quantity is not specified
unless the units are named or understood
from the context.

B Quantities can be added and subtracted
only when they are of the same type
(length, area, speed, etc.).

C Quantities can be multiplied or divided to
create new types of quantities, called de-
rived quantities.

Core Skills

1. Know when and how to convert units in
computations.

2. Use and interpret quantities and units cor-
rectly in algebraic formulas.

3. Use and interpret quantities and units cor-
rectly in graphs and data displays.

4. Use units as a way to understand prob-
lems and to guide the solution of multi-
step problems.

Example Tasks

1. Core Concept A.
The following question was posted on an In-

ternet gardening forum:
I am trying to figure out how many yards
of soil I need for my gardens but have no
idea how much a yard of soil actually is.
The nursery says they deliver 6 yards in a
dump truck. I realize that a yard is 3 feet.
But what is a yard of soil—is that 3 feet
long and 3 feet high? I’m clueless! LOL

Write a helpful response to the person who posted
this question.

2. Core Concept B, Core Skill 2.
A textbook printed the following formula for

the surface area of a cylinder:

SA = 2πr + 2πrh .

Kim had never studied geometry, but she knew
there must be a typographical error in this for-
mula. How could she tell?

3. Core Concept B, Core Skill 4.
As a flooring contractor, Lupe sets floor tile

for a living. She submits a bid for each new job.
When preparing a bid, she measures the area of
the floor to be tiled and then figures out how much
material she will need. She charges the following
prices for materials and labor:
• Subflooring: $1.27 per square foot
• Tile: $6.59 per square foot
• Adhesive: $31.95 per job
• Grout: $55.95 per job

• Labor: $125 base price plus $0.79 per square
foot
For a job tiling an area of 550 square feet,

what is the amount of the bid, based on the mate-
rials listed above?

4. Core Concept C.
If there are 8×1012 hydrogen molecules in a

volume of 4× 104 cubic centimeters, what is the
average number of hydrogen molecules per cubic
centimeter?

5. Core Concept C.
The Trans Alaska Pipeline System is 800

miles long and cost $8 billion to build. Divide one
of these numbers by the other. What is the mean-
ing of the answer?

6. Core Skill 1.
Signs in Canada give the speed limit in kilo-

meters per hour. If the speed limit is 100 km/hr,
and you’re driving at a speed of 65 mph, are you
over or under the speed limit? By how much?

7. Core Skill 1.
Greenland has a population of 56,700 and

a land area of 2,175,600 square kilometers. By
what factor is the population density of the United
States, 80 persons per square mile, larger than the
population density of Greenland?

8. Core Skill 1; Core Skill 4; Number Core Skill
2; Number Core Skill 3; Number Core Skill 5.

A doctor orders Ceclor elixir for a child who
weighs 9.3 kg. The child must receive 25 mg of
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the drug for each kilogram of body weight. The

hospital pharmacy stocks Ceclor elixir in a con-
centration of 250 mg per 5 ml.

How many milliliters of the stock elixir
should the child receive?
(a) Estimate the answer mentally. (Suggestion:

approximate the child’s weight as 10 kg.)
(b) Compute the answer to the nearest tenth of a

milliliter.

9. Core Skill 2, Core Skill 4.
The distance traveled by a freely falling ob-

ject dropped from rest is given by the formula
s = 1

2 g t
2. Here s is the distance fallen, g is a

constant representing the earth’s surface gravity,
and t is the duration of time over which the ob-
ject falls. If s has units of meters and t has units
of seconds, what must be the units of g? If we
interpret g as a rate of change, what sort of quan-
tity is changing with time? What does this mean
about the speed of a freely falling object?

10. Core Skill 2; Equations Core Skill 3.
The ideal gas law is a mathematical relation-

ship that describes the pressure, volume, and tem-
perature of an ideal gas in thermal equilibrium:

pV = nRT.

In the ideal gas law, p stands for pressure, V
stands for volume, n is the number of moles of
gas, R is a constant equal to 0.0821 L·atm

mol·K, and
T stands for temperature measured in the Kelvin
temperature scale.
(a) Find the temperature of 0.520 mol of argon

gas occupying a volume of 4.25 L at a pres-
sure of 0.987 atm.

(b) If the volume stays the same as in (a), but the
pressure drops by half, then what must have
happened to the temperature?

11. Core Skill 4.
According to Runner’s World magazine,
On average the human body is more than
50 percent water. Runners and other en-
durance athletes average around 60 per-
cent. This equals about 120 soda cans’
worth of water in a 160-pound runner!

Check out the Runner’s World calculation. Are
there really about 120 soda cans’ worth of wa-

ter in the body of a 160-pound runner? Here are
some facts:
• A typical soda can holds 12 fluid ounces.
• 16 ounces (one pint) of water weighs one

pound.

12. Core Skill 4.
A liquid weed-killer comes in four different

kinds of bottles. The accompanying table gives
information about the concentration, size, and
price of the bottles. The “concentration” refers
to the percent of “active ingredient” in the bot-
tle. The rest of the liquid in the bottle is water.
For example, bottle B contains (0.18)(32) = 5.76
fl. oz. of active ingredient and 32− 5.76 = 26.24
fl. oz. water.

Table 1 Weed killer comes in four different kinds of
bottles.

Concentration Amount
in Bottle

Price
of Bottle

A 0.96% 64 fl. oz. $12.99

B 18.0% 32 fl. oz. $29.99

C 41.0% 32 fl. oz. $39.99

D 0.96% 24 fl. oz. $5.99

(a) Rank the four bottles in order of how good a
buy each represents. State what criterion you
are using.

(b) Suppose a job calls for a total of 12 fl. oz. of
active ingredient. How much would you need
to spend if you bought Type A bottles? Type
B bottles? Type C bottles? Type D bottles?

13. Core Skill 4.
A table in a construction manual lists the

“k-values” of different building materials. The k-
value measures how easily heat flows through a
material. The k-value of concrete is given as

0.002 BTU·in
hr·ft2·◦F

A BTU is a unit of heat energy.
The construction manual gives the following

example problem illustrating the k-value:
How many BTUs of heat energy would
be lost through a 100 ft2 concrete wall 6
inches thick over a 12 hour period, if the
temperature difference from one side of
the wall to the other is 70◦F?
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Your friend Anders doesn’t know much about
construction—or about heat loss—yet he was
able to get the answer, 28 BTUs, just by thinking
about units. How did he get the answer?

14. Core Skill 3.
Each graph in the accompanying figure

shows the relationship between distance traveled
and time for a different train (Train A, Train B,
and Train C).

Which train was traveling fastest during the
interval of time shown? Justify your answer.

Figure 1
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Expressions

Core Concepts

A Expressions are constructions built up
from numbers, variables, and operations,
which have a numerical value when each
variable is replaced with a number.

B Complex expressions are made up of sim-
pler expressions.

C The rules of arithmetic can be applied to
transform an expression without changing
its value.

D Rewriting expressions in equivalent forms
serves a purpose in solving problems.

Core Skills

1. See structure in expressions.
2. Manipulate simple expressions.
3. Define variables and write an expression

to represent a quantity in a problem.
4. Interpret an expression that represents a

quantity in terms of the context.

Example Tasks

1. Core Concept A.
It is given that p = 4 × 105 and q =

8× 106. Expressing your answers in stan-
dard form, find

(a)
p

q
.

(b) 3
√

q.

2. Core Concept A.
Replace x by 16 in each of the follow-

ing expressions and then simplify to an ex-
act expression without using a calculator.
(a) 3x− 48
(b) 3(x− 48)
(c)
√

x + 9
(d)
√

x +
√

9
(e) |x− 20|+ (x− 20)

3. Core Concept A.
Simplify:

(a) 3(x− 2) + x[4− 3(x− 7)]

(b)
(a3)5

(a7)2

Partially check your answers by making
appropriate calculations using x = −5,
x = 3, a = 2, a = −2.

4. Core Concept A.

It is given that x = a +
√

a2 + b2.
(a) Calculate x when a = 0.73 and b =

1.84. Give your answer correct to 2
decimal places.

(b) Express b in terms of x and a.

5. Core Concept A, Core Skill 3.
Write an expression representing each

of the following sequences of operations
on a number x.
• Multiply x by 5 then add 1.
• Add 8 to x then multiply your answer

by 5
• Add 3 to x then divide your answer by

4
• Multiply x by x then multiply your an-

swer by 7
• Multiply x by 3 then square your an-

swer

6. Core Concept A, Core Concept B, Core
Skill 2, Core Skill 3, Core Skill 4.

As a flooring contractor, Lupe sets
floor tile for a living. She submits a bid for
each new job. When preparing a bid, she
measures the area of the floor to be tiled
and then figures out how much material
she will need. She charges the following
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prices for materials and labor:
Subflooring: $1.27 per square foot

Tile: $6.59 per square foot
Adhesive: $31.95 per job
Grout: $55.95 per job
Labor: $125 base price plus $0.79 per
square foot.

Write an expression to determine the
total cost of the materials and labor for
a typical job in terms of the number of
square feet. Explain what the numbers and
symbols in the expression mean.

7. Core Concept B.
Describe the parts of each expression.

(a)
(

l1 + l2
2

)
w (b) (a−b)2−(a+b)2

(c)
1

1
R1

+ 1
R2

.

COMMENTS ON SOLUTION:
For example, the expression in (a) is a

product of two factors, the first of which is
a quotient where the numerator is a sum.

8. Core Concept C; Core Concept D; Core
Skill 3; Core Skill 4.

Ask the apprentice to mix a solution
(#1) of 5 g Peters fertilizer and 50 g of dis-
tilled water.
• Determine the percent concentration-

by-weight of this solution.
The basic formula is Weight of the

solute divided by the combined weight
of the solute and solvent equals per-
cent concentration-by-weight.

Example: 5g÷(5g+50g) = 5g÷
55g ≈ 0.09 or 9% concentration-by-
weight.

• Calculate the density of this solution
(#1).

Divide the weight by the volume
to determine the density in gm/ml.

Ask the apprentice to make a solution (#2)
using 10 g of Peters and 50 g of distilled
water.
• Determine the percent concentration-

by-weight.

• Ask the apprentice: Why is the
concentration-by-weight of solution
#2 not double the concentration-by-
weight of solution #1 since the solute
is doubled?

C =
x

x + V
and

2x

2x + V
6= 2

x

x + V
.

• Ask the apprentice to use the formula
to explain.

9. Core Concept C.
Simplify each expression without

evaluating each term. (Use the rules of
arithmetic.)
(a) 12× 17− 3× 24− 6× 22
(b) (4× 17 + 3× 12)− 2× (12 + 17)
(c) (4a + 3b)− 2(b + a) + 1− b
(d) (20 + 1)× (20− 1)
(e) (a + 1)(a− 1)

10. Core Concept C; Core Concept D; Core
Skill 1; Core Skill 4.

Which calculations show the correct
number of small squares in Figure 1?
Draw diagrams to explain the meaning of
the other expressions.
(a) 4+6×4 (b) 4×4+6 (c) 4×(4+6)
(d) 42 + 6 (e) 4×2+6 (f) 42+4×6
(g) 4×2+4×6

Figure 1

11. Core Concept D.
Evaluate

(a) a + 2b + 3(a + b) + 2a when a =

−13
3

, b =
7
5

(b) 7c − 2d + 3 − 5c − d − 2c when

c =
9
2
, d = −1

(c) 3x+y+3−3(x+y) when x = 1, y =
−1
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COMMENTS ON SOLUTION:
Note that it can advantageous to ex-

pand and rearrange terms before evaluat-
ing.

12. Core Concept D; Core Skill 1.
Use Figure 2 to explain why the fol-

lowing expressions are equivalent:

(n + 2)2 − 4 and n2 + 4n

Figure 2

13. Core Concept D; Core Skill 1.
Write a possible identity for Line n,

and show how it fits the pattern for each
line in the list given.
(a) • Line 1: 1× 3 = 2 + 1

• Line 2: 2× 4 = 4 + 4
• Line 3: 3× 5 = 6 + 9
• Line 4 4× 6 = 8 + 16
• Line 5: 5× 7 = 10 + 25

(b) • Line 1: 1− 1 = 2× 0
• Line 2: 4− 1 = 3× 1
• Line 3: 9− 1 = 4× 2
• Line 4: 16− 1 = 5× 3
• Line 5: 25− 1 = 6× 4

14. Core Concept D; Core Skill 1.
The height of a thrown horseshoe de-

pends upon the time that has elapsed since
its release. Its height (measured in feet) as
a function of time (measured in seconds)
from the instant of release is

1
3
16

+ 18t− 16t2.

The expressions (a)–(d) below are
equivalent. Which is most useful for find-
ing the maximum height of the horse-
shoe’s path, and why is it the most useful
expression?

(a) 1
3
16

+ 18t− 16t2

(b) −16
(

t− 19
16

)(
t +

1
16

)
(c)

1
16

(19− 16t)(16t + 1)

(d) −16
(

t− 9
16

)2

+
100
16

.

15. Core Skill 1.
Which of the following is a factor of

the polynomial below?

4x3y − 8x2y2 + 10xy3

(a) 4y2 (b) 2x2

(c) 2xy (d) x2y2

16. Core Skill 1.
Factorise completely: 6cx − 3cy −

2dx + dy.
17. Core Skill 1.

A physics professor says: “Of course,

it is easy to see that L0

√
1− v2

c2 = 0 when
v = c.” Give a possible explanation in
terms of the structure of this expression
why the professor might say that.

18. Core Skill 1.
Give an explanation in terms of the

structure of the expression

s√
n

why it halves in value when n is quadru-
pled.

19. Core Skill 1.
Which of (i)–(iv) would be the most

productive first step in factoring expres-
sions (a)–(f)?
(i) Finding a common factor

(ii) Expressing as a difference of two
squares

(ii) Expressing as a perfect square
(iv) None of the above.

(a) 4x2 + 5x (b) 36x2 − 25y2

(c) x4 − y4 (d) x2+6xy+9y2

(e) x2 + 5x + 4 (f) 0.5x2−2.5x−7
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20. Core Skill 1.
When (3u2+au+5)(u10+2u4−bu2)

is written as a polynomial in u,
(a) what is the highest degree?
(b) for which powers of u are the terms

nonzero?
COMMENTS ON SOLUTION:
Terms occur in degrees 2, 3, 4, 5, 6,

10, 11, 12 and the total (largest) degree is
12. This problem reinforces the structure-
exploiting scanning procedure for finding
products of sums with almost no arith-
metic. Qualitative information of this sort
is used to focus or avoid quantitative work.

21. Core Skill 1.
Find the y3 term in

(3y3 − y2 + 5ay)(y2 + 2y − a)

when it is written as a polynomial in y.
COMMENTS ON SOLUTION:
This term comes from products of a

summand from the first factor and a sum-
mand from the second that give total y
exponent 3. The y3 is fixed and can be
factored out ahead of time. Scanning and
picking out the terms of interest gives

y3
[
(3)(−a) + (−1)(2) + (5a)(1)

]
• The expression just above has not

been simplified, illustrating the idea
that organizational and arithmetic
tasks should be separated.

• Computing the whole polynomial and
discarding unneeded terms requires
far more work. The problem formula-
tion therefore provides an incentive to
understand the qualitative structure of
products of sums.

22. Core Skill 1.
If a 6= b and

1
x

+
1
a

=
1
b

, then x =

(a)
1
b
− 1

a
(b) b− a

(c)
1
ab

(d)
a− b

ab

(e)
ab

a− b

COMMENTS ON SOLUTION:
Although the problem can be solved

by routine manipulation, it is quicker to
solve for a student who sees structural rea-
sons for eliminating some or all of the
wrong choices.

23. Core Skill 2.
Factorise completely

(a) 15a2 + 12a3,
(b) 1− 16b2.

24. Core Skill 2.
Perform manipulations such as the

following with procedural fluency:

(a + b)2 = a2 + 2ab + b2

(a− b)2 = a2 − 2ab + b2

(a + b)(a− b) = a2 − b2

(x + a)(x + b) = x2 + (a + b)x + ab

25. Core Skill 2.
Simplify

a−2b2c

a2b−3c2

26. Core Skill 2.
Simplify

√
x9t6 for x > 0, t > 0.

27. Core Skill 3.
A shopkeeper sells pens and pencils.

Each pen costs $5 and each pencil costs
$3. One day he sold x pens. On the same
day he sold 9 more pens than pencils.
(a) Write down an expression, in terms of

x, for his total income from the sale of
these pens and pencils.

(b) This total income was less than $300.
Form an inequality in x and solve it.

(c) Hence write down the maximum num-
ber of pens that he sold.

28. Core Skill 3.
Suppose x adults and y children visit

a theme park one day. The price of an adult
ticket is a dollars and the price of a child’s
ticket is b dollars. Write an algebraic ex-
pression for:
(a) The total number of adults and chil-

dren who visit the park that day.
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(b) The cost in dollars of 2 adult tickets
and 3 child tickets.

29. Core Skill 3.
Sam makes and sells mirrors. She

makes a frame for each mirror with small
square ceramic tiles. Find an expression
for the number of tiles needed to border
a size n frame.

!

Figure 3

30. Core Skill 3.
A soccer tournament is being ar-

ranged. A number of teams have entered.
Every team will play every other team
twice: once at home and once away. Find
an expression for the number of matches
that will need to be played if N teams en-
ter the tournament. Explain how you can
be sure that your expression will work for
all values of N .

COMMENTS ON SOLUTION:
There are N locations where games

are played, one for each team. Further-
more, the number of games played at each
location is N−1, because each team plays
a home game with every other team. Thus
the total number of games is N(N − 1).

31. Core Skill 3; Core Skill 4.
Consider the following statement

about a positive integer n: The sum of any
n consecutive integers is divisible by n.

For which values of n is the statement
true? For which is it false? Prove that your
answers are correct.

32. Core Skill 3, Core Skill 4, Mathematical
Practise 2.

Prove that the sum of two odd integers
is an even integer.

COMMENTS ON SOLUTION:
Let n and m be two odd integers.

Since n is odd, it is one more than an even
integer, so n = 2k + 1 for some integer
k. By the same reasoning, m = 2l + 1
for some integer l. Therefore, the sum of
n and m is

n + m = (2k + 1) + (2l + 1)
= 2k + 2l + 2 = 2(k + l + 1).

So n + m is 2 times the integer k + l + 1,
and therefore it is even.

33. Core Skill 4.
Suppose x adults and y children visit

a theme park one day. The price of an adult
ticket is a dollars and the price of a child’s
ticket is b dollars. Interpret the following
in everyday language:
(a) a = 3b
(b) ax + by < 1000

34. Core Skill 4.
In (a)–(d), give all values of a and n

satisfying the condition, where a is real
and n is a positive integer.
(a) −a is positive
(b)
√

5− a is defined

(c)
1
a

is an integer
(d) an is negative

Sources

1. University of Cambridge International Examinations
2. Fristedt, Bert
3. Fristedt, Bert
4. University of Cambridge International Examinations
5. Reproduced with the permission of America’s Choice
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8. Ready or Not: Creating a High School Diploma That Counts. Achieve copyright 2004.
9. Tony Gardiner

10. Reproduced with the permission of America’s Choice
11. Tony Gardiner
12. Reproduced with the permission of America’s Choice
13. Reproduced with the permission of America’s Choice
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2009 by the National Council of Teachers of Mathematics. All rights reserved.
15. Massachusetts Department of Elementary and Secondary Education
16. University of Cambridge International Examinations
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29. Shell Centre for Mathematical Education/Mathematics Assessment Resource Service (MARS)
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31. Shell Centre for Mathematical Education/Mathematics Assessment Resource Service (MARS)
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Equations

Core Concepts

A An equation is a statement that two ex-
pressions are equal.

B The solutions of an equation are the values
of the variables that make the resulting nu-
merical statement true.

C The steps in solving an equation are
guided by understanding and justified by
logical reasoning.

D Equations not solvable in one number sys-
tem may have solutions in a larger number
system.

Core Skills

1. Understand a problem and formulate an
equation to solve it.

2. Solve equations in one variable using ma-
nipulations guided by the rules of arith-
metic and the properties of equality.

3. Rearrange formulas to isolate a quantity of
interest.

4. Solve systems of equations.
5. Solve linear inequalities in one variable

and graph the solution set on a number
line.

6. Graph the solution set of a linear inequal-
ity in two variables on the coordinate
plane.

Example Tasks

1. Core Concept A.
Are the following equations?

(a) y = x2 + 3x + 2
(b) x2 + 3x + 2 = 0
(c) x2 + 3x + 2 = (x + 1)(x + 2)

(d)
(

x +
3
2

)2

− 1
4

(e) x = −2

2. Core Concept B.
What are the solutions of the equation

below?

2n(3n− 12) = 0

(a) 0 and 4 (b) 0 and 12
(c) 2 and 4 (d) 2 and 12

3. Core Concept B, Core Skill 6.
The shaded region inside the triangle

ABC is defined by three inequalities. One
of these is x + y < 5 1

2 .

Figure 1

(a) Write down the other inequalities.
(b) How many points, with integer coor-

dinates, lie in the shaded region?

4. Core Concept B.
In (a)–(c), does the equation have a

solution? Give a reason for your answer
that does not depend on solving the equa-
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tion.

(a)
t + 2
3 + t

= 1 (b)
3 + t

3− t
= 1

(c)
t− 2
2− t

= 1

5. Core Concept C.
A student performs the following

steps in solving an equation:

x + 3
2x + 6

= 1

x + 3 = 2x + 6
x = −3

Is the solution correct? If yes, explain why.
If no, explain what was wrong with the
student’s reasoning.

6. Core Concept C.
If the equations

3x + 2y + 2z = 19
3x + y + z = 14

are true, which of the following is the
value of y + z?

(a) −5 (b) −4 (c) 0
(d) 4 (e) 5

7. Core Concept D.
Write an equation or inequality that

has
(a) no real solutions;
(b) infinite numbers of real solutions; and
(c) exactly one real solution.

8. Core Concept D.
In (a)–(f), how many solutions are

there? Are they rational, real, or complex?
Give a reason for your answer that does
not depend on solving the equation.
(a) (x + 3)2 = 9
(b) (x− 3)2 = 9
(c) −(x− 3)2 = 9
(d) 16− (x− 3)2 = 9
(e) 9(x + 3)2 = 0
(f) (x + 3)2 = (x + 4)2

9. Core Skill 1.
One firm offers an investment plan

that pays a flat rate of 10% interest each
year on the original sum invested. So each
dollar grows after n years to

(1 +
10n

100
) dollars.

Another firm offers a plan that pays 5% in-
terest each year on the previous year’s bal-
ance. So each dollar grows after n years
to

(1 +
5

100
)n dollars.

Find, using a graphing calculator or a
spreadsheet, when the two offers give
roughly equal returns. Which is better in
the long term?

10. Equations: Core Skill 1, Core Skill 2;
Functions: Core Skill 4.

Quinn works in Chicago and in New
York City. He travels by taxi in each of the
two cities.

In Chicago, he pays a fixed taxi fare
of $1.90 per ride, plus $1.60 per mile trav-
eled.
(a) Write an equation that expresses f ,

Quinn’s total fare for a taxi ride in
Chicago, as a function of m, the num-
ber of miles traveled.

In New York City, Quinn pays a fixed taxi
fare of $1.50 per ride, plus 25 cents per 1

10
mile traveled.
(b) Write an equation that expresses f ,

Quinn’s total fare for a taxi ride in
New York City, as a function of m, the
number of miles traveled.

(c) On a recent trip Quinn noticed that the
total number of miles traveled by taxi
from the airport to the hotel was the
same in each of the two cities. Before
tips were added, his taxi fare to the
hotel in New York City was $12.20
more than his taxi fare to the hotel in
Chicago. What was the distance from
the airport to the hotel in each city?
Show or explain how you got your an-
swer.
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11. Core Skill 1, Core Skill 4.
‘Give me 8 sheep and then we will

have an equal number’ said one shep-
herd to another. ‘No, you give me 8 sheep

and then I will have twice as many as
you’ replied another shepherd. How many
sheep did each shepherd have to start
with?

12. Core Skill 1, Core Skill 4.
(The Abbot of Canterbury’s Puzzle:

AD 735–804)
One hundred bushels of corn were

distributed among one hundred people
in such a way that each man received
three bushels, each woman received two
bushels, and each child received half a
bushel. Given that there were five times as
many women as men, how many children
were there?

13. Core Skill 2.
Solve the equations

(a) 24
x−4 = 1,

(b) 12− 2(5− y) = 5y.

14. Core Skill 2.
Solve the following quadratic equa-

tions using factoring methods:
(a) 2x2+x−3 = 0 (b) 4x2 + 6x = 0
(c) 36x2 − 25 = 0 (d) x2+6x+9 = 0

15. Core Skill 2.
Use the quadratic formula to solve

4x2 − 2x = 5.
16. Core Skill 3.

The distance d travelled after time t at
a steady speed v is given by

d = vt.

(a) How long would it take to travel 150
miles at 60 miles per hour?

(b) How fast would you have to go to do
it in one and a half hours?

17. Core Skill 3.
Solve A = p + prt for p.

18. Core Skill 3.
The distance D that it takes a car

moving at speed v to stop is given by

D = rv +
v2

2a

where r is the reaction time it takes the
driver to hit the brakes and a is the break-
ing deceleration.
(a) If r is 2 seconds and a = 5

meters/sec2, how far would the car
travel when stopping from 50 me-
ters/sec?

(b) Solve the given equation to find an ex-
pression for v in terms of D, r and a.
If you want to stop within 100 meters,
how fast can you safely go?
COMMENTS ON SOLUTION:
Part (b) goes beyond the scope of

Core Skill 3, and illustrates the extension
of this task into later course work.

19. Core Skill 4.
Solve the simultaneous equations{

2x− y = 16
3x + 2y = 17.

20. Core Skill 4.
The only coins that Alexis has are

dimes and quarters.
• Her coins have a total value of $5.80.
• She has a total of 40 coins.

Which of the following systems of equa-
tions can be used to find the number of
dimes, d, and the number of quarters, q,
that Alexis has?
(a)

d + q = 5.80
40d + 40q = 5.80

(b)

d + q = 40
5.80d + 5.80q = 40

(c)

d + q = 5.80
0.10d + 0.25q = 40



4

(d)

d + q = 40
0.10d + 0.25q = 5.80

21. Core Skill 4.
Solve the following system of equa-

tions: 
2x− y − z = 7

3x + 5y + z = −10
4x− 3y + 2z = 4.

22. Core Skill 5.
Solve |x− 6| ≤ 4 and locate the so-

lution on the number line.
23. Core Skill 5.

Solve 8.5 < 3x + 2 ≤ 9.7 and locate
the solution on the number line.

24. Core Skill 1, Core Skill 5.
Mr. Smith uses the following formula to calculate students’ final score C in his Algebra II class: C =

0.4E + 0.6T , where E represents the score on the final exam, and T represents the average score of all
tests given during the grading period. All tests and the final exam are worth a maximum of 100 points. The
minimum passing score on tests, the final exam, and the course is 60. Determine the inequalities that describe
the following situation. When necessary, round scores to the nearest tenth.
(a) Is it possible for a student to have a failing test score average (i.e., T < 60 points) and still pass the

course?
(b) If you answered “yes,” what is the minimum test score average a student can have and still pass the

course? What final exam score is needed to pass the course with a minimum test score average?
(c) A student has a particular test score average. How can (s)he figure out the minimum final exam score

needed to pass the course?

25. Core Skill 3.
If oil should ever be spilled into the Columbia River Estuary, the company responsible for the spill would

be liable for monetary damages according to a formula. By Washington state law, the formula in 2009 was
given by:1

D = 0.508GS(A + B + C)

In this formula, D is the damage liability in dollars; G is the number of gallons spilled; S is a “vulnerability
score” in the range from 1 to 5 that takes into account the wildlife characteristics of any given square kilometer
of the estuary2; and A, B and C are “chemical penalty scores” in the range from 1 to 5 that take into account
the toxicity, harmful mechanical properties, and longevity of the material spilled. For example, kerosene has
a toxicity score A = 1.4, a harmful mechanical property score B = 2.4, and a longevity score C = 1.3

Suppose that a company responsible for a kerosene spill in an area of lowest vulnerability is held liable for
$10 million. How many gallons were spilled? How many dollars per gallon was the company charged for
the spill? In general, what is a formula for the number of dollars of liability per gallon of spill? What is the
maximum possible liability in dollars per gallon?

Sources

1. McCallum, William
2. Massachusetts Department of Elementary and Secondary Education
3. University of Cambridge International Examinations

1http://apps.leg.wa.gov/WAC/default.aspx?cite=173-183-840
2see http://apps.leg.wa.gov/wac/default.aspx?cite=173-183-500
3http://apps.leg.wa.gov/WAC/default.aspx?dispo=true&cite=173-183&full=true.
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4. McCallum, William
5. McCallum, William
6. College Board
7. Washington Office of the Superintendent of Public Instruction
8. McCallum, William
9. Shell Centre for Mathematical Education/Mathematics Assessment Resource Service (MARS)

10. Massachusetts Department of Elementary and Secondary Education
11. Gardiner, Tony
12. Gardiner, Tony
13. University of Cambridge International Examinations
14. Washington Office of the Superintendent of Public Instruction
15. Washington Office of the Superintendent of Public Instruction
16. Shell Centre for Mathematical Education/Mathematics Assessment Resource Service (MARS)
17. Washington Office of the Superintendent of Public Instruction
18. Shell Centre for Mathematical Education/Mathematics Assessment Resource Service (MARS)
19. University of Cambridge International Examinations
20. Massachusetts Department of Elementary and Secondary Education
21. Washington Office of the Superintendent of Public Instruction
22. Washington Office of the Superintendent of Public Instruction
23. Washington Office of the Superintendent of Public Instruction
24. Washington Office of the Superintendent of Public Instruction
25. Zimba, Jason
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Modeling

Core Concepts

A Mathematical models involve choices and
assumptions that abstract key features
from situations to help us solve problems.

B Even very simple models can be useful.

Core Skills

1. Model numerical situations.
2. Model physical objects with geometric

shapes.
3. Model situations with equations and in-

equalities.
4. Model situations with common functions.
5. Model situations using probability and

statistics.
6. Interpret the results of applying a model

and compare models for a particular situa-
tion.

The Modeling standard needs discussion in relation to the other standards. For example, what
is the difference between a geometry task versus a modeling task that uses geometry? What is the
difference between a contextualized algebra problem and a modeling problem that uses equations
to describe a situation?

In these standards, a task is considered to belong more in Modeling, the more it is the case that:
• The math techniques to be used are not stated explicitly in the problem.

· However, beginning/developmental modeling tasks can walk the student through the tech-
niques, as a way to show their use.

• Various assumptions must be imposed by the student to apply the techniques; these assumptions
are not explicitly stated in the problem; and differing sets of assumptions could all be considered
reasonable.

• The task involves making a decision about something.
• The task involves an optimization of some kind.
• The context is not a pretext. While the task inevitably teaches mathematics, its primary focus is

the situation or phenomenon at hand. See the figure below (after a diagram by Malcom Swann,
in Muller and Burkhardt, 2006).

Various Applications
Illustrative Applications

Math Topic

Various Math Tools

Practical Situation

Figure 1

• The phenomenon or situation is interesting or worthwhile beyond the academic discourse of the
classroom.
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A list of criteria such as this one does not define a hard-and-fast rule that could be used to
unambiguously classify tasks. The distinction between geometry and modeling with geometry is a
heuristic one. Moreover, few, if any, of the following Modeling tasks satisfy all of the listed criteria.
But each task fulfills one or more of these criteria to a great enough extent to be considered an
example of Modeling.

Reference
E. Muller and H. Burkhardt, Application and Modelling for Mathematics—Overview. In W. Blum

and P.L. Galbraith (Eds.), Modelling and Applications in Mathematics Education: The 14th ICMI
Study, Springer, 2006. http://books.google.com/books?id=XICuY-BFaHYC.

Example Tasks
1. Core Concept A; Core Skill 2.

If everyone in the world went swimming in Lake Michigan, what would happen to the water level?
(Would Chicago be flooded?)

2. Core Concept A; Core Skill 2; Core Skill 7.
The Federal Communications Commission (FCC) needs to assign radio frequencies to seven new radio

stations located on the grid in the accompanying figure. Such assignments are based on several considerations
including the possibility of creating interference by assigning the same frequency to stations that are too close
together. In this simplified situation it is assumed that broadcasts from two stations located within 200 miles
of each other will create interference if they broadcast on the same frequency, whereas stations more than
200 miles apart can use the same frequency to broadcast without causing interference with each other. The
FCC wants to determine the smallest number of frequencies that can be assigned to the six stations without
creating interference.

Figure 2

• Student 1 began thinking about the problem by drawing a circle of radius 200 miles centered on each
radio station.

• Student 2 began thinking about the problem by drawing line segments to connect pairs of radio stations
whenever the two radio stations are within 200 miles of one another.

• Student 3 began thinking about the problem by drawing line segments to connect pairs of radio stations
whenever the two radio stations are more than 200 miles from one another.

Which approach seems most promising to you? Use this approach to determine the smallest number of fre-
quencies that can be assigned to the six stations without creating interference. Justify your final answer.
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3. Core Concept A; Core Skill 2; Core Skill 3; Core Skill 5; Equations Core Concept A; Equations Core
Skill 3.

Picture a tightly rolled spool of paper. Everyday examples might include a roll of bathroom tissue or a
roll of cash-register tape. See the accompanying figure.

Figure 3 Figure 4

(a) Assuming the paper in the roll is very thin, what is the relationship between the thickness of the paper,
the inner and outer diameters of the roll, and the length of the paper in the roll? Express your answer as
an algebraic formula involving the four listed variables.

(b) A roll of masking tape is another example of a tightly rolled spool. In one classroom, layers of masking
tape of various thicknesses were measured using a micrometer, a tool for measuring small distances
(see the photo; image from http://www.design-technology.org/CDT10micrometer.htm). The table below
shows the micrometer readings.

Table 1

Number of Tape Layers 0 1 2 3 4 5 6 7

Thickness (millimeters) 0.1 0.24 0.37 0.49 0.6 0.71 0.81 0.92

When you look at the first column of the table, you may wonder why zero layers of tape have a
thickness of 0.1 millimeters! The reason is that these measurements were made by sticking pieces of tape
to a sheet of paper (see the photo below). So the first value in the table simply represents the thickness of
the piece of paper.
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(Re-doing the measurement
for 5 thicknesses)

(Clearly
a mistake...)

Varying
thicknesses
of tape

Figure 5

(i) Estimate the thickness of a single layer of tape by subtracting values in the first and second rows of
Table 1.

(ii) Make a scatterplot of the data in Table 1.
(iii) Draw a straight line that you think best describes the pattern in your scatter plot.
(iv) Find the equation of this line. Explain how you determined your equation.
(v) Use your equation to estimate the thickness of a single piece of tape.

(vi) Which estimate of the thickness of a single piece of tape do you think is more accurate, the one you
found in Question (i) or the one you found in Question (v)? Why?

(vii) What is your best estimate of the thickness of the paper in this experiment?
(viii) In a roll of masking tape, the inner radius is 60 millimeters and the outer radius is 80 millimeters.

Using the thickness value determined in Question (v), how long is this roll of tape?

4. Core Concept A; Core Concept B; Core Skill 1.
• In a country with 300 million people, about how many high school math teachers will be needed? Try to

estimate a sensible answer using your own everyday knowledge about the world. Write an explanation of
your answer, stating any assumptions you make.

• Likewise, estimate the number of people born each day on planet earth.
• Likewise, estimate the percentage of Americans who are pregnant at any given time. Also estimate the

percentage of elephants who are pregnant at any given time.
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5. Core Concept B; Core Skill 1.
Suppose you wrote check #556 on November 5, 1995, and check #953 on September 26, 1997. What is

a good guess for when you wrote check #678?
6. Core Skill 1.

The accompanying figure shows a conversation that occurred during a cross-country road trip.

0 20 40 60 80 100

mph
09:20 Empty Full

FUEL

I think we need to stop for gas before we reach L.A.

No, we'll be OK.
The tank holds about 15 gallons, and I filled it up yesterday.
We haven't got time to stop. 

How many miles does this car get to a gallon?

On the freeway, at this speed, about 35 miles per gallon.

Los Angeles
270 miles

 

Figure 6

(a) Do they have to stop for gas? Explain your reasoning.
(b) Suppose they decide to stop for 30 minutes. At what time will they reach Los Angeles?

7. Core Skill 1; Core Skill 2; Core Skill 3.
A team of haymakers was assigned the task of scything two meadows, one twice the size of the other. The

team worked half a day on the larger meadow. Then it split into two equal groups. The first group remained in
the larger meadow and finished it by evening. The second group scythed the smaller meadow, but by evening
there still remained a portion to do. This portion was scythed the next day by one haymaker in a single day’s
work. How many haymakers were there in the team?

8. Core Skill 1; Core Skill 3.
A car does y miles a year, averaging m miles per gallon.

(a) Write a formula for g, the number of gallons used in a year.
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(b) If the average price of gas is $p per gallon, write a formula for the total cost $C.
(c) You are thinking of changing your 15 mpg gas guzzler for a 40 mpg car. If you drive 20,000 miles each

year, how much money would you save on gas at $3 per gallon? How much is this savings per week?

9. Core Skill 1; Core Skill 3.
Funds totaling $191,000 are designated for four schools. The distribution of the funds is to be in propor-

tion to the number of students in each school. Student populations of the four schools are: School A, 386;
School B, 1691; School C, 2109; School D, 817.
(a) Figure out how much money each school gets.
(b) Draw some sort of diagram to scale that helps show visually how the money is divided up among the four

schools.
(c) Find general formulas for deciding how much money each of the four schools gets in terms of the popu-

lations of the schools and the total amount of money to be distributed.
(d) Add your formulas algebraically. What is the result? Does this make sense?

10. Core Skill 2.
Ann is moving to Gridville. She’s looking for a house to live in. The location of her house-to-be should

satisfy the following conditions:
• Ann wants to live close to the office where she works, so the distance from her house to the office should

not be more than 2.5 km.
• Because of the terrible smell of the pet food factory, the distance from her house to the factory must be

at least 3 km.
(a) Both conditions mention distance. Is distance measured in the same way in both situations? If yes, why?

If no, why not?
(b) On the grid provided, graph the area that meets both conditions.

 

Figure 7

11. Core Skill 2.
A poster manufacturing company is considering different ways of making and shipping its posters. The

figure below shows two kinds of tubes for posters: square tubes and hexagonal tubes.
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Figure 8

The square tubes are 7.5× 7.5 cm, with a length of 75 cm. The hexagonal tubes have the same length of
75 cm but they have a diameter of 9 cm (see figure below).

 

Figure 9

From the customer’s perspective, a more tightly rolled poster is harder to flatten and hang on a wall. So
a tube that allows the poster to be more loosely rolled is more desirable than a tube that requires the poster to
be more tightly rolled. How tightly a poster is rolled is based on the amount of space measured by the largest
circle that fits into the tube. See the figure below.

 

Figure 10

(a) Calculate the area of the circle in the square tube and the area of the circle in the hexagonal tube. Explain
your answers.

(b) Calculate the efficiency of both tubes in terms of percentage of space used by the circular poster roll and
its interior. Explain your answers.

(c) Based on the information you have now, in which tube do you think the company should pack posters?
Why?

(d) The individual hexagonal tubes are packed in a 20 × 20 × 75 cm box (see the Figure below). Calculate
the efficiency in terms of the percentage of the box’s front that is used by the hexagons.

 

Figure 11
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(e) How many of the square tubes will fit in the 20 × 20 × 75 cm box? (You may want to make a sketch to
help you decide.)

(f) Calculate the efficiency in terms of the percentage of the box’s front that is used by the squares.
(g) Based on the information you have now, in which tube do you think the company should stack posters?

Why?
(h) The poster company is considering a larger box for shipping: 45× 30× 75 cm.

(i) How many hexagonal tubes fit in the box?
(ii) How many square tubes fit in the box?

(iii) For both the hexagonal tubes and square tubes, find the efficiency in terms of the percentage of the
box’s front that is used by the hexagons or squares.

(i) Based on the information you have now, in which tube do you think the company should stack posters?
Why?

12. Core Skill 2.
Based on enrollment predictions school officials have decided that, for the next school year, the classroom

trailers will be moved to the current practice football field and a new practice field will be located behind the
school parking lot. Including end zones, the practice field will be 120 yards by 53 yards in order to closely
approximate a standard field. However, the owner of a local nursery has donated enough grass seed to plant
81,000 square feet. Since they have more than enough grass seed for the practice field, school officials would
like to plant a uniform border around the field. What are the dimensions of the 81,000 square feet rectangular
area that should be planted for the practice field and uniform border?

13. Core Skill 2.
The accompanying figure shows the plan of a city. All curved and straight lines are streets.

 

Figure 12

(a) On the figure, draw the shortest route from P to Q and the shortest route from P to R.
(b) On the figure, draw three points that are approximately equidistant from A and B (using streets).
(c) Compare and constrast this type of distance with other types of distance you have studied.

14. Core Skill 2.
The accompanying figure is a diagram of a miniature golf hole. Players must start their ball from one of

the three tee positions. A wall separates the tees from the hole.
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Tees

5 ft

3 ft

Wall
Hole

5 ft 2 ft

1 ft1 ft

1 ft

1 ft

1 ft

Figure 13

At which tee should the ball be placed to create the shortest “hole in one” path? What is this shortest
distance? Explain your reasoning.

15. Core Skill 2; Core Skill 3.
All states have building codes. Many such codes can be interpreted as mathematical inequalities, since

they establish limits on what can be done.
Most states have codes related to staircase construction (see the photo).

 

Figure 14

 

Figure 15

The most basic dimensions of a set of stairs are riser height and tread depth. A riser is the vertical front
of a stair. The surface that you step on is called a tread. (See the diagram.)
(a) The Massachusetts State Building Code includes this statement:

Maximum riser height shall be seven inches (178 mm) and minimum riser height shall be four
inches (102 mm).

This statement contains two requirements for riser height. Write these requirements in two ways: as a
pair of simple inequalities, and also as a compound inequality.

(b) Here is another statement from the Massachusetts State Building Code:
Minimum tread depth shall be 11 inches (279 mm), measured horizontally between the vertical
planes of the foremost projection of adjacent treads at a right angle to the tread’s leading edge.
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Write this requirement as an inequality.
(c) In addition, most staircases conform to this design guideline:

The depth of a tread plus two times the height of a riser should have a total value of from 24 to
25 inches.

Write this guideline using inequalities.
(d) Label a suitable coordinate grid. Graph the solution to the system of inequalities regarding staircase riser

height and tread depth.
(e) Choose an appropriate point to check your answer.

16. Core Skill 2; Core Skill 3; Core Skill 4; Quantity; Equations, Core Skill 3.
A manufacturer wants to design a cylindrical soda can that will hold 500 milliliters of soda. The manu-

facturer’s research has determined that an optimal can radius is between 3 1
4 and 4 centimeters. What is the

corresponding range of possible height measurements for the can? Explain your reasoning.
17. Core Skill 3.

A group of art students has formed an Arts Collective to organize an arts and crafts exhibition (see photo).

 

Figure 16

In order to publicize the event, they intend to use two methods. They can print one-page flyers for
distribution at schools and malls. The flyers will cost only eight cents each to produce. Another method is to
mail postcards about the event to selected people. This option is more expensive: twelve cents for each card
plus eighteen cents per card for bulk postage. Postcards are expected to be more effective than flyers. But in
order to get the twelve cent rate, they must order at least 1000 cards. The total budget for publicity is $1200.

The students must decide how many flyers to print and how many cards to order. But there are upper and
lower limits on the number of each.
(a) What is the lower limit on the number of cards they will order if they want the quantity discount?
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(b) Let C represent the number of cards ordered. Write the lower limit as a mathematical inequality.
(c) What is the lower limit on the number of flyers that can be produced?
(d) Let F represent the number of flyers produced. Write the lower limit as an inequality.
(e) One statement in the problem description implies an upper limit on a quantity. Explain.
(f) Write a sentence that describes this upper limit in more detail. Include the phrases “money spent on

flyers” and “money spent on cards.”
(g) Rewrite your answer to Question (f) as a mathematical inequality in the variables C and F .
(h) Your answers to Questions (b), (d), and (g) taken together form a system of inequalities in C and F .

The solution of this system represents the range of publicity options available to the Arts Collective. The
solution can be visualized with a graph. Should the boundaries of the solution region be solid lines or
dashed lines? Explain.

(i) The inequalities in Questions (b) and (d) should each contain only one variable, so they are probably
easier to graph. Label the axes of a two-dimensional coordinate grid with the variables C and F . Then
graph the inequalities from Questions (b) and (d).

(j) Now consider the budget limit. If no flyers are produced, how many cards can be bought and mailed?
(k) If the minimum of 1000 cards is used, how many flyers can be made?
(l) Your answers to Questions (j) and (k) can each be represented by a point on the graph. Use these points

to graph the boundary that represents the budget limit. Then shade only the region that satisfies all three
inequalities.

(m) Check your answer. Choose any point that is inside the shaded region, and verify that its coordinates
satisfy all three inequalities.

18. Core Skill 3.
A coffee shop sells several kinds of coffee. The shop also uses some of its coffees to make its own custom

blends. Coffee A sells for $6 a pound. Coffee B sells for $10 a pound. The shop’s manager wants to create a
blend of the two types that sells for $7 a pound. The manager wants to make 10 pounds of this blend. How
many pounds of each type of coffee should be in the 10 pounds of blend?

19. Core Skill 3.
When summer approaches, Desmond and Farid look forward to baseball games, movies, and weekends

at the local amusement park. Because all of these things cost money, Desmond and Farid decide to start a
lawn service to earn money.

Desmond can devote 10 hours a week to this new venture, while Farid can devote 4 hours. The boys
realize it takes less time to trim the edge than to mow, so they decide that Desmond can do all the mowing
and Farid can do the edging. After surveying the neighborhood, they determine that their clients will fall into
one of two categories: standard-sized interior lots or large corner lots.

From working on their own yards the boys know it will take about an hour to mow and half an hour to
edge a standard-sized yard. A larger yard will take 45 minutes to edge and 2 hours to mow.

Based on research he has done in his neighborhood, Desmond wants to set prices at $20 per large yard
and $15 for each standard-sized yard. Each price is the total price that includes edging and mowing.

On the one hand, the boys might decide to do more large yards, each of which brings more money. Or
they might decide to do more standard yards, each of which takes less time. It’s not obvious which approach
will earn them the most money. The goal of this problem is to find the best approach.
(a) Use the table below to organize the information in the situation:
(b) Using the information in the table to assist you, write a system of inequalities to represent all the con-

straints that define the boys’ problem situation.
(c) Farid and Desmond’s goal is to maximize their earnings from the lawn service. Find a formula that

expresses their weekly earnings P in terms of x and y.
(d) Graph the system of inequalities representing the constraints and shade the feasible region—the region

representing all of the values of x and y that obey all of the constraints.
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x y

(# of standard yards) (# of large yards) Constraint

Number of hours mowing

Number of hours edging

Table 2: Desmond and Farid’s situation

(e) What are the vertices of your feasible region? Explain how you found them.
(f) Use the vertices (from Question (e)) and the earnings formula to find the maximum Farid and Desmond

can earn in one week with the given constraints.
(g) How many and which size yards will Farid and Desmond need to mow and edge to maximize their

earnings?

20. Core Skill 3.
This problem is difficult and would merit an extended treatment in class; it is not meant to be one in a

series of routine “word problems” on a worksheet.
Two boats (boat 1 and boat 2) start off from opposite sides of a lake, each heading for the starting point

of the other. They pass each other 800 yards from the starting point of boat 1. They continue to the starting
point of the other boat, turn around, and return. This time, they pass each other 300 yards from the (original)
starting point of boat 2. How wide is the lake? (Each boat travels at a fixed speed. Ignore turnaround times.)

21. Core Skill 3.
An academic team is going to a state mathematics competition. There are 30 people going on the trip.

There are 5 people who can drive and 2 types of vehicles, vans and cars. A van seats 8 people, and a car seats
4 people, including drivers. How many vans and cars does the team need for the trip? Is more than one option
available? Explain your reasoning.

22. Core Skill 4.
Clara purchased a used car for $8400. She estimates that each year she owns the car it will depreciate

(lose value) by 12% of its value the previous year.
(a) According to Clara’s assumption, the car’s value after 1 year from the purchase date will be $7392. Check

this yourself.
(b) What will be the car’s value 2, 3, and 4 years from the date of purchase?
(c) Clara plans to keep the car until its value reaches $4000. By Clara’s assumption, what is the minimum

number of years from the date of purchase that the car’s value will be less than $4000? Show your work.

23. Core Skill 4.
If it is never refreshed, the water in a swimming pool becomes polluted after some time. Urea that comes

into the water via body secretions is one of the substances that pollute swimming pools.
In this problem, presume an increase in the amount of urea of 500 g per day, caused by 1000 swimmers

a day. Suppose the amount of urea present in the water is represented as u.
(a) Find a recursive formula for the quantity of urea in the water (per day).
(b) When there are 4000 g of urea in the water, the swimming pool will be closed to the public because the

water has to be cleaned. The cleaning equipment can remove 10% of the amount of urea present in one
day, so the first day, 400 g of urea can be removed. The second day, 10% of the remaining amount of urea
will be removed, and so on.
(i) What recursive formula describes this process of cleaning?

(ii) How many days does it take before 50% of the 4000 g of urea is removed from the water?
(c) A better method of keeping the amount of urea under control is to let the people swim during the day and
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to refresh the water during the night. Starting with a clean pool (no urea in the water), swimmers will add
500 g of urea to the water every day. Every night, 10% of the urea in the pool will be removed.
(i) Calculate the amount of urea in the pool at the beginning of day 2 (after one day of swimming and

one night of refreshing).
(ii) Calculate the amount of urea at the beginning of day 3.

(iii) Find a recursive formula for the amount of urea at the beginning of a day.
(iv) Will the amount of urea continue to increase without bound day after day, or will the amount of urea

stabilize at some point? Explain how you found this.

24. Core Skill 4.
At the You’re Toast, Dude! toaster company, the weekly cost to run the factory is $1400 and the cost of

producing each toaster is an additional $4 per toaster.
(a) Write a function rule representing the weekly cost in dollars, C(x), of producing x toasters.
(b) What is the total cost of producing 100 toasters in one week?
(c) If you produce 100 toasters in one week, what is the total production cost per toaster?
(d) Will the total production cost per toaster always be the same? Justify your answer.
(e) Write a function rule representing the total production cost per toaster P (x) for producing x toasters.
(f) Answer the following questions:

(i) What is the production cost per toaster if 300 toasters are produced in one week? If 500 toasters are
produced in one week?

(ii) What happens to the total production cost per toaster as the number of toasters produced increases?
Explain your answer.

(iii) How many toasters must be produced to have a total production cost per toaster of $8?

25. Core Skill 4.
A recommended adult dosage of the cold medication NoMoreFlu is 16 mL. NoMoreFlu causes drowsi-

ness when there are more than 4 mL in one’s system, in which case it is unsafe to drive, operate heavy
machinery, etc. The manufacturer wants to print a warning label telling people how long they should wait
after taking NoMoreFlu for the drowsiness to pass. The typical metabolic rate is such that one quarter of the
NoMoreFlu is lost every four hours.
(a) If a person takes the full dosage, how long should adults wait after taking NoMoreFlu to ensure that there

will be
(i) Less than 4 mL of NoMoreFlu in their system?

(ii) Less than 1 mL in their system?
(iii) Less than 0.1 mL in their system?

(b) What do you think the warning label should say? Design the label and explain the thinking behind your
design.

26. Core Skill 4; Core Skill 7.
Among the many species that have been endangered at one time or another is the desert bighorn sheep.

The desert bighorn sheep are sensitive to human-induced problems in the environment and their numbers are
therefore a good indicator of land health.

It is estimated that in the 1600s, there were about 1.75 million bighorn sheep in North America. By 1960,
the bighorn sheep population in North America had dropped to about 17,000. There appears to have been a
similar decline in west Texas, where wildlife biologists have data showing that in 1880, there were around
1,500 bighorn sheep in west Texas and by 1955, the population had dwindled to 25 in that area. Efforts to
reintroduce desert bighorn sheep in west Texas began around 1957 and by 1993, there were about 400 desert
bighorn sheep in west Texas roaming free or in captivity.
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(a) Assume that the annual percentage decrease in the bighorn sheep population in west Texas was fairly
constant from 1880 to 1955. Model the bighorn sheep population for any year in this range with an
exponential function of the form P = a ·bt, where t is the number of years since 1880, a is the population
of the bighorn sheep in west Texas in 1880, b is the annual rate of retention, and P is the annual bighorn
sheep population in west Texas for the given year.

(b) Assume that, starting in 1957 when reintroduction began, the annual percentage increase in the bighorn
sheep population in west Texas was fairly constant. Model the bighorn sheep population for any year
since 1957 with the exponential function, P = a · bt, where t is the number of years since 1957, b is the
annual rate of growth, P is the annual bighorn sheep population in west Texas for the given year, and a
is the bighorn sheep population in 1957.

(c) Describe the mathematical domain for the two functions in Questions (a) and (b). Describe reasonable
domain values for the actual situations modeled by these functions. Explain any differences between the
two types of domains (mathematical and situational).

(d) From 1880 to 1955, by what percentage was the population decreasing annually? From 1957 to 1993, by
what percentage was the population increasing annually?

(e) By what year had the sheep population dropped to 750 or fewer? Use numerical, graphical, or algebraic
methods and explain your reasoning.

(f) If the reintroduction program continues, in what year will the bighorn sheep population again be at least
750? Use numerical, graphical, or algebraic methods and explain your reasoning.

(g) In 2001, it was reported that there were 500 bighorn sheep in west Texas. Is this number consistent with
the number predicted by the exponential model for reintroduction? Why or why not?

27. Core Skill 5.
Our school has to select a girl for the long jump at the regional championship. Three girls are in con-

tention. We have a school jump-off. Their results, in meters, are given in the accompanying table.

Elsa Miki Aisha

3.25 3.55 3.67

3.95 3.88 3.78

4.28 3.61 3.92

2.95 3.97 3.62

3.66 3.75 3.85

3.81 3.59 3.73

Table 3: Data from the jump-off; distances are given in meters.

Hans says, “Aisha has the longest average. She should go to the championship.”
Do you think Hans is right? Explain your reasoning.

28. Core Skill 5.
The figure below shows two graphs: one showing the amount of water consumed in the United States

from 1950 through 1980, and another graph showing the number of people living in the U.S. during those
years.

T is the total amount of water consumed and B is the population. The vertical scale on the left side of
the graph belongs to the graph of T . On the right side you see the vertical scale that belongs to the graph of
B.

So, in 1970, the total water consumption was about 1340 billion liters per day and the population size
was about 200 million people.
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Figure 17

(a) Complete the table below with data from the graphs.

Year 1950 1955 1960 1965 1970 1975 1980

T (billion liters per day) 700 1340

B (millions) 145 200

(b) Use the data from the table to complete the graph below.

 

Figure 18

(c) Draw a straight line that you think best describes the pattern in your scatter plot.
(d) Find the equation of this line. Explain how you determined your equation.
(e) In 1980, researchers predicted that every five years the total consumption of water would increase by 110

to 200 billion liters per day.
(i) If that prediction is correct, what will be the minimum total consumption of water in the year 2000?

Explain your answer.
(ii) What will be the maximum total consumption of water in the year 2000? Show how you got your

answer.
(f) Use the experts’ prediction for water-consumption increase stated in Question (e) to write equations for

predicting the minimum and maximum total water consumption per day in any given year.
(g) Researchers don’t expect that the increase in water consumption will continue forever. They predict that

5000 billion liters per day will be the maximum amount of water available. Between which years will
people consume 5000 billion liters of water per day, according to researchers? Explain.
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29. Core Skill 5; Core Skill 6.
The data in the accompanying table shows the annual median earnings for female and male workers in

the United States from 1984 to 2004.

Women’s median Men’s median
Year earnings (in dollars) (in dollars)

1984 8675 17026

1985 9328 17779

1986 10016 18782

1987 10619 19818

1988 11096 20612

1989 11736 21376

1990 12250 21522

1991 12884 21857

1992 13527 21903

1993 13896 22443

1994 14323 23656

1995 15322 25018

1996 16028 25785

1997 16716 26843

1998 17716 28755

1999 18440 30079

2000 20267 30951

2001 20851 31364

2002 21429 31647

2003 22004 32048

2004 22256 32483

(a) Create two scatter plots, one for women’s median earnings over time and one for men’s median earnings
over time. Describe two things you notice about the scatter plots.

(b) Terry and Tomás are trying to decide what type of model will most accurately represent the data. Terry
thinks that a linear model might be most appropriate for each scatter plot. Help Terry find reasonable
linear function rules for each scatter plot. Explain how you found these.

(c) Using the linear models, will women’s annual median earnings ever equal those of men? Why or why
not?

(d) Tomás thinks that an exponential model might be most appropriate for each scatter plot. Help Tomás find
reasonable exponential function rules for each scatter plot. Explain how you found these.

(e) Using the exponential models, will women’s annual median earnings ever equal those of men? Why or
why not?

(f) If you answered yes to either Question (c) or question (e), use that model to determine the first year
women will have higher median earnings than men. Explain how you found your answer.
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(g) For each year listed in the table, find the ratio of women’s to men’s annual median earnings expressed
as a percentage. Use the data to create a scatter plot of percentage versus year. Based on this graph, do
you think women’s annual median earnings will ever equal those of men? Why or why not? Considering
the results of the scatter plot in Question (g) above, do you think the linear model or exponential model
makes more sense? Why?

30. Core Skill 5; Core Skill 7.
Karnataka is a state in southwest India. The accompanying table is agricultural data on fertilizer use and

grain crop yield in Karnataka. Fertilizer is measured in 100,000 tons. Crop yield is measured in 10 kilograms
per hectare.

Fertilizer Yield
Year (×105 tons) (× 10 kg/ha)

1956 0.06 52.3

1966 0.38 45.8

1970 1.32 19.1

1974 1.95 88.9

1975 2.32 82.9

1976 2.03 93.9

1977 2.08 79.2

1978 2.9 97.9

1979 3.72 101.7

1980 3.59 102.9

1981 3.54 91.9

1982 3.87 102.2

1983 3.83 85.8

1984 4.87 102.1

1985 5.9 95.4

1986 5.55 81.19

1987 5.66 97.03

1988 5.58 83.57

1989 5.75 93.5

Throughout the years over which these data were gathered, the amount of land in cultivation remained
fairly constant.
(a) Find a mathematical function that you think does a good job of modeling the relationship between fertil-

izer use and grain crop yield. Explain how you did it.
(b) Use the function you have chosen to predict the yield if fertilizer use is 500,000 tons.
(c) How comfortable are you with the prediction you made in Question (b)? Explain.
(d) What advice can you offer the government of Karnataka about fertilizer use? Explain.

31. Core Skill 6.
“My sixty-year old mother, who lives in New York, gets frightened by newspapers. One day she is afraid
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of being a victim of crime, the next she is frightened of being killed in a road accident, then it’s terrorists, and
so on.”
(a) Using reliable websites with national statistics. . .

(i) Estimate the chances of my mother being a victim of the above events during the next year.
(ii) Compare the likelihood of these events with the probability that women of her age will die during

the coming year.
(b) Why do you suppose people fear such unrealistic dangers?

32. Core Skill 6.
In the general population, about 1 baby in 8,000 dies in an unexplained “crib death.” The cause or causes

are at present unknown. Three babies in one familiy have died. The mother is on trial, and you are on the jury.
An expert witness says: “One crib death is a family tragedy; two is deeply suspicious; three is murder. The
odds of even two deaths in one family are 64 million to 1.”

Think about the reasoning underlying this testimony. Check the expert’s math, of course, but also explain
what assumptions are being made. Would the expert’s testimony lead you to decide that a murder had taken
place?
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Statistics

Core Concepts

A Statistical methods take variability into
account to support making informed de-
cisions based on quantitative studies de-
signed to answer specific questions.

B Visual displays and summary statistics
condense the information in data sets into
usable knowledge.

C Randomness is the foundation for using
statistics to draw conclusions when testing
a claim or estimating plausible values for
a population characteristic.

D The design of an experiment or sample
survey is of critical importance to analyz-
ing the data and drawing conclusions.

Core Skills

1. Formulate questions that can be addressed
with data. Identify the relevant data, col-
lect and organize it to respond to the ques-
tion.

2. Use appropriate displays and summary
statistics for data.

3. Interpret data displays and summaries crit-
ically; draw conclusions and develop rec-
ommendations.

4. Draw statistical conclusions involving
population means or proportions using
sample data.

5. Evaluate reports based on data.

Example Tasks
1. Core Concept A, Core Skill 5.

An American Automobile Association report includes the graph shown below.

!
Figure 1: Number of drivers involved in fatal crashes per 100,000 population,1998–2007.

(a) Provide a written version of the information provided by this graph.
(b) The graph seems to imply that teen-aged drivers are becoming just as good as adult drivers in the 35-54

age group. Is that necessarily true? What other variables may have to be taken into account in comparing
drivers for the two age groups?
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(c) One of the variables that may have been listed in part 2 is the number of miles driven. How do you think
rates reported in “number of drivers involved in fatal crashes per 100,000 miles driven” would differ from
the rates on the graph?

2. Core Concept B, Core Skill 2.
Suppose the summary statistics for the number of inches of rainfall in Northampton, MA for the past 117

years, beginning in 1877, are given below.

N Mean Median Min Max Q1 Q3

117 42.8 41.4 22.5 68.0 37.3 48.4

(a) Sketch a boxplot for these data and describe the key features of the data distribution.
(b) The news media reported that in a particular year, there were only 38 inches of rainfall. Is it appropriate

for the news media to use the word only in the statement? In other words, is 38 inches an unusually small
amount of rainfall for Northampton? Explain your answer.

3. Core Concept B, Core Skill 2.
Students in Ms. Garth’s Algebra II class wanted to see if there are correlations between test scores and

height and between test scores and time spent watching television. Before the students began collecting data,
Ms. Garth asked them to predict what the data would reveal. Answer the following questions that Ms. Garth
asked her class.
• Do you think students’ heights will be correlated to their test grades? If you think a correlation will be

found, will it be a positive or negative correlation? Will it be a strong or weak correlation?
• Do you think the average number of hours students watch television per week will be correlated to their

test grades? If you think a correlation will be found, will it be a positive or negative correlation? Will it
be a strong or weak correlation?

The students then created a table in which they recorded each student’s height, average number of hours per
week spent watching television (measured over a four-week period), and scores on two tests. Use the actual
data collected by the students in Ms. Garth’s class, as shown in the table below, to answer the following
questions.

Student Height (in inches) TV hrs/week (average) Test1 Test2

1 60 30 60 70

2 65 12 80 85

3 51 30 65 75

4 76 20 85 85

5 66 10 100 100

6 72 20 78 88

7 59 15 75 85

8 58 12 95 90

9 70 15 75 90

10 67 11 90 90

11 65 16 90 95

12 71 20 80 85

13 58 19 75 85
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(a) Which pairs of variables seem to have a positive correlation? Explain.
(b) Which pairs of variables seem to have a negative correlation? Explain.
(c) Which pairs of variables seem to have no correlation? Explain.
(d) For each pair of variables listed below, create a scatter plot with the first variable shown on the y-axis

and the second variable on the x-axis. Are the two variables correlated positively, correlated negatively,
or not correlated? Determine whether each scatter plot suggests a linear trend. Do the plots confirm your
decisions in parts (a)-(c) above?
• Score on test 1 versus hours watching television
• Height versus hours watching television
• Score on test 1 versus score on test 2
• Hours watching television versus score on test 2
• Height versus score on test 1

(e) Using the statistical functions of your graphing calculator, determine a line of best fit for each scatter plot
that suggests a linear trend.

4. Core Concept B, Core Skill 2, Core Skill 3.
The table below1 shows the reported high school graduation rates (percent of 9th grade cohorts who

actually graduate), the per-pupil expenditure, PPE (in hundreds of dollars), and the percent of total taxable
resources the state spends on education, PTR, for a sample of 15 states.

State Graduation Rate PTR PPE

Alabama 59.0 3.4 79.24

Alaska 65.1 3.5 85.62

California 70.7 3.3 70.81

Colorado 74.6 3.0 79.39

Florida 60.5 3.0 75.39

Kansas 74.4 3.8 88.62

Kentucky 70.0 3.4 79.78

Louisiana 61.4 2.9 85.82

Michigan 69.1 4.5 91.97

Montana 76.2 3.7 89.51

Nevada 54.0 2.8 71.41

New Hampshire 76.0 3.9 93.23

New Mexico 60.1 3.7 84.31

North Dakota 79.4 3.1 91.81

Wisconsin 77.3 4.1 101.99

(a) Use technology to plot Graduation Rate versus PPE on a scatter plot that allows prediction of Graduation
Rate from PPE and describe the shape of the distribution.

(b) If a linear shape is apparent, use statistical software or calculator capability to fit a least squares line to
summarize the nature of that trend.

1Source: EPE Research Center, Education Week
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(c) Interpret the slope of the least squares line found in part 2 in the context of the data.
(d) Is the relationship between Graduation Rate and PPE stronger than the one between Graduation Rate and

PTR? Explain.

5. Core Concept B, Core Skill 3.
How did housing prices change during the turbulent economic times around 2008? One way to answer

the question is to compare median prices for a variety of locations over a short time span. The data display
below shows box plots of the median sales price (in thousands) of existing single-family houses for a sample
of 25 metropolitan areas around the United States at mid-year 2005 and 2008.

0 100 200 300 400 500 600 700
Median_Price

Median Housing Prices Box Plot

!
Figure 2

(a) Describe the key features of the shift in prices from 2005 to 2008.
(b) The medians of the distributions appear to differ by only a very small amount. Do you think the means

would differ by a larger amount? Explain your reasoning.
(c) Why do you think the median is often used for housing prices rather than the mean?
(d) The accompanying scatter plot shows the median housing prices for 25 metropolitan areas in 2005 paired

with the prices in 2008.
(i) Describe the shape, trend and strength of the relationship between these two variables.

(ii) Sketch the line y=x on this plot. What does the plot show with regard to the nature of the change in
median prices?
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Figure 3
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6. Core Concept B, Core Skill 3.
The histogram below shows the mean annual temperatures in Pasadena for the years 1951 to 2000.
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Figure 4

(a) Describe the distribution of mean annual temperatures at Pasadena.
(b) The scatter plot below shows the mean annual temperatures in Pasadena for the years 1951 to 2000. What

do we learn from the scatter plot that is not obvious from the histogram.
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Figure 5

(c) What do we learn from the histogram that is not obvious from the scatter plot.
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7. Core Concept B, Core Skill 3.
To determine the amount of sugar in a typical serving of breakfast cereal, a student randomly selected 60

boxes of different types of cereal from the shelves of a large grocery store. The student noticed that the side
panels of some of the cereal boxes showed sugar content based on one-cup servings, while others showed
sugar content based on three-quarter-cup servings. Many of the cereal boxes with side panels that showed
three-quarter-cup servings were ones that appealed to young children, and the student wondered whether
there might be some difference in the sugar content of the cereals that showed different-size servings on their
side panels.

To investigate the question, the data were separated into two groups. One group consisted of 29 cereals
that showed one-cup serving sizes; the other group consisted of 31 cereals that showed three-quarter-cup
serving sizes. The boxplots shown below display sugar content (in grams) per serving of the cereals for each
of the two serving sizes.

!
Figure 6

(a) Compare the distributions of sugar content per serving for the two serving sizes of cereals.
After analyzing the boxplots above, the student decided that instead of a comparison of sugar content

per recommended serving, it might be more appropriate to compare sugar content for equal-size servings.
To compare the amount of sugar in serving sizes of one cup each, the amount of sugar in each of the ce-
reals showing three-quarter-cup servings on their side panels was multiplied by 4/3. The bottom boxplot
shown below displays sugar content (in grams) per cup for those cereals that showed a serving size of
three-quarter-cup on their side panels.

(b) What new information about sugar content do the boxplots below provide?
(c) Based on the boxplots below, how would you expect the mean amounts of sugar per cup to compare for

the different recommended serving sizes? Explain your reasoning.
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!
Figure 7

8. Core Concept B, Core Skill 3.
Two pain relievers, A and B, are being compared for relief of post-surgical pain. Twenty different

strengths (doses in milligrams) of each drug were tested. Eight hundred post surgical patients were randomly
divided into 40 different groups. Twenty groups were given drug A. Each group was given a different strength.
Similarly, the other twenty groups were given different strengths of drug B. Drug strengths used ranged from
210 to 400 milligrams. Thirty minutes after receiving the drug, each patient was asked to describe his or her
pain relief on a scale of 0 (no decrease in pain) to 100 (pain totally gone).

The strength of the drug, given in milligrams, and average pain rating for each group are shown in the
scatter plot below. Drug A is indicated with A’s and drug B with B’s.
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Figure 8

(a) Based on the scatter plot, carefully describe the effect of drug A and how it is related to strength in
milligrams.

(b) Based on the scatter plot, carefully describe the effect of drug B and how it is related to strength in
milligrams.

(c) Which drug would you give and at what strength, if the goal is to get pain relief of at least 50 at the lowest
possible strength? Justify your answer based on the scatter plot.
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9. Core Concept B, Core Skill 3.
SAT mathematics scores for a particular year are approximately normally distributed with a mean of 510

and a standard deviation of 100.
(a) What is the probability that a randomly selected score is greater than 610? Greater than 710? Between

410 and 710?
(b) If a student is known to score 750, what is the student’s percentile score (the proportion of scores below

750)?

10. Core Concept C, Core Skill 3, Core Skill 4.
There is little doubt that caffeine stimulates bodily activity, but how much does it take to produce a

significant effect? This is a question that involves measuring the effect of two or more interventions (generally
called treatments) and deciding if the different interventions have differing effects. To obtain a partial answer
to the question on caffeine, it was decided to compare two levels of caffeine with a control of no caffeine on
a response to a finger tapping exercise.

Thirty male students were randomly assigned to one of three treatment groups of 10 students each. Each
group was given one of three doses of caffeine (0, 100, and 200 milligrams) and two hours later the students
were given a finger tapping exercise. The response is the number of taps per minute, as shown in the table
below.2

Finger taps per minute from a caffeine experiment

0 mg caffeine 100 mg caffeine 200 mg caffeine

242 248 246

245 246 248

244 245 250

248 247 252

247 248 248

248 250 250

242 247 246

244 246 248

246 243 245

242 244 250

Mean:244.8 246.4 248.3

The accompanying plot shows that the data sets tend to be somewhat symmetric and have no extreme
data points (outliers) that would have undue influence on the analysis. The sample mean, then, is a suitable
measure of center, and will be used as the statistic for comparing treatments.

2Source: Draper and Smith (1981) Applied Regression Analysis, John Wiley and Sons
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Figure 9

(a) The mean for the 100 mg data is 1.6 taps larger than that for the 0 mg data. In light of the variation in
the data, is that enough to be confident that the 100 mg treatment truly results in more tapping activity
than the 0 mg treatment? In other words, could this difference of 1.6 taps be explained simply by the
randomization (the luck of the draw, so to speak) rather than any real difference in the treatments?

Assume for the moment that the 100 mg treatment has no effect on the tapping, and the difference
in the means is simply due to the randomization. Would a difference of 1.6 units be likely to occur under
these conditions? An empirical answer to this question can be found by re-randomizing the first two
groups many times and studying the distribution of differences in sample means. The re-randomizing is
accomplished by combining the data in the first two columns, randomly splitting them into two groups of
ten each representing 0 and 100 mg, and then calculating the difference in the sample means. (This can
be expedited with the use of technology.)

The plot below shows the differences produced in 200 re-randomizations of the data for 100 and 0
mg. The observed difference of 1.6 taps is equaled or exceeded 18 out of 200 times, 9% of the runs. Do
these data provide strong evidence to reject the claim that the control and the 100 mg treatment do not
differ with respect to their mean finger tapping counts? Explain your reasoning and the nature of the error
that you may have made.
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Figure 10

(b) What about the 200 mg treatment as compared to 0 mg? Construct a similar re-randomization process to
decide if the difference between the mean of the 200 mg treatment and that of the 0 mg treatment is to
large to be explained by chance alone. Explain your decision process and the nature of the error you may
have made.

11. Core Concept C, Core Skill 4.
A random number generator is said to generate even or odd digits independently and each with probabil-

ity 0.5. Consider the following scenarios and questions:
I. The generator generates three odd digits in a row, with probability (.5)3 = 0.125 under the model given
above. Does this suggest that the model is questionable?
II. The generator generates four odd digits in a row, with probability (.5)4 = 0.0625 under the model given
above. Does this suggest that the model is questionable?
III. The generator generates five odd digits in a row, with probability (.5)5 = 0.03125 under the model given
above. Does this suggest that the model is questionable?

(a) At which point in the sequence of odd digits would you begin to question the truth of the model? (If five
odds in a row are not enough, continue the sequence until doubt sets in.)

(b) Write a short description explaining the interactive roles of probability and data in the decision-making
process.

12. Core Concept C, Core Skill 4.
A random sample of 100 students from a specific high school resulted in 45% of them favoring a plan

to implement block scheduling. Is it plausible that a majority of the students in the school actually favor the
block schedule? Simulation can help answer the questions.

The accompanying plot shows a simulated distribution of sample proportions for samples of size 100
from a population in which 50% of the students favor the plan, and another distribution from a population in
which 60% of the students favor the plan. (Each simulation contains 200 runs.) What do you conclude about
the plausibility of a population proportion of 0.50 when the sample proportion is only 0.45? What about the
plausibility of 0.60 for the population proportion?
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Figure 12

13. Core Concept C, Core Skill 4.
A tremendous amount of bottled water is being consumed these days. Do the consumers really think

bottled water tastes better than city water or well water? Or, is this just a fad? To test tastes preferences in
one school, n = 50 students were given samples of bottled water, well water from typical area homes having
wells, and city water. Each student tasted all three types of water in random order. The results: 26 preferred
bottled water, 16 preferred city water and 8 preferred well water.3

(a) Suppose the students running the experiment decided to check the claim that students had no preference
for bottled water over non-bottled water. Under this claim and the randomization of the order of tasting,
the preference for bottled over non-bottle water should have probability of about p = 0.5. The probabil-
ities for X , the number of students choosing bottled water when n = 50 and p = 0.5, is shown below,
with a vertical line at X = 26.

3Source: http://library.thinkquest.org/04apr/00222/text/survey.htm
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Figure 13

Does this provide strong evidence to reject the claim that there is no preference for bottled water?
Explain your reasoning.

(b) Some students suggest that making this into a two-choice problem is incorrect, because there are really
three choices for each taster. So, the correct claim to test is that students have no preference among
bottled water, well water and city water. Under this claim the preference for bottled water should have
probability of about p = 0.33. The probabilities for X , the number of students choosing bottled water
with n = 50 and p = 0.33, is shown below, with a vertical line at X = 26.
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Figure 14

Does this provide strong evidence to reject the claim of no preference for bottled water among the
three choices? Explain your reasoning.

(c) Which of the two claims outlined above seems more appropriate for this experiment?
(d) In the decisions made above, explain the error that could have been made.

14. Core Concept D.
From a class containing 12 girls and 10 boys, three students are to be selected to serve on a school

disciplinary panel. Here are four different methods of making the selection.
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I. Select the first three names on the class roll.
II. Select the first three students who volunteer.
III. Place the names of the 22 students in a hat, mix them thoroughly, and select three names from the mix.
IV. Select the first three students who show up for class tomorrow.

Which is the best sampling method, among these four, if you want the school panel to represent an
unbiased view of the opinions of your class.

15. Core Concept D, Core Skill 1.
Biology students are to conduct a study of the effect of different durations of light and dark on the growth

of radish seedlings. To pare the number of possible durations down to a manageable level, the students decided
to focus the question on three different durations: 24 hours of light, 12 hours of light and 12 hours of darkness,
and 24 hours of darkness. Plastic bags are to be used as growth chambers; there are 120 radish seeds available
for the study.
(a) Is the best design for this study a sample survey, an experiment, or an observational study? Explain your

reasoning.
(b) Describe how you would design a study to compare the three duration schemes, using all 120 seeds and

as many plastic bags as you need.

16. Core Concept D, Core Skill 1.
Students in a high school mathematics class decided that their term project would be a study of the

strictness of the parents or guardians of students in the school. Their goal was to estimate the proportion of
students in the school who thought of their parents or guardians as “strict”. They do not have time to interview
all 1000 students in the school, so they plan to obtain data from a sample of students.
(a) Is the best design for this study a sample survey, an experiment, or an observational study? Explain your

reasoning.
(b) The students quickly realized that, as there is no definition of “strict”, they could not simply ask a student,

“Are your parents or guardians strict?” Write three questions that could provide objective data related to
strictness.

(c) Describe an appropriate method for obtaining a sample of 100 students, based on your answer in part (a)
above.

17. Core Skill 1, Core Skill 2.
The data in the accompanying table shows the fate of 1316 passengers on the Titanic described in terms

of two categorical variables, class of travel and survival. Use these data to answer the questions posed below.

Class of Travel

Survived First Second Third Total

Yes 203 118 178 499

No 122 167 528 817

Total 325 285 706 1316

(a) Do these data come from a sample survey, an experiment or an observational study? Explain your rea-
soning.

(b) What proportion of the passengers survived? What proportion of the passengers traveled in first class?
(c) Construct a table of (conditional) relative frequencies by column. Interpret the results in context and use

them to discuss the association between class of travel and survival.
(d) Construct a table of (conditional) relative frequencies by row. Do these result in a similar interpretation

with regard to association as that in part (c)?
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18. Core Skill 1, Core Skill 2, Core Skill 3.
A simple random sample of 100 high school seniors was selected from a large school district. The gender

of each student was recorded, and each student was asked the following questions.
• Have you ever had a part-time job?
• If you answered yes to the previous question, was your part-time job in the summer only?

The responses are summarized in the table below.

Gender

Job Experience Male Female Total

Never had a part-time job 21 31 52

Had a part-time job during summer only 15 13 28

Had a part-time job but not only during summer 12 8 20

Total 48 52 100

(a) Construct a graphical display that shows the relationship between gender and job experience for the
students in the sample.

(b) Write a few sentences summarizing what the display in part (a) reveals about the relationship between
gender and job experience for the students in the sample.

(c) Is it appropriate to use these data to construct an estimate of the proportion of seniors in the school district
who never had a part-time job? Why or why not?

19. Core Skill 1, Core Skill 3.
The 54 students in a middle school class were asked two questions about musical preferences: “Do you

like rock?” “Do you like rap?” The responses are summarized in the table below.
(a) Is this a sample survey, an experiment, or an observational study?
(b) What percentage of the students in the class like rock?
(c) Does there appear to be a positive association between liking rock and liking rap for this class (i.e., do

the students who like rock also tend to like rap)? Justify your answer by pointing out a feature of the table
that supports it.

(d) Do you think the results for this class would generalize to the entire middle school? To a high school
class in a nearby school? Explain your reasoning.

Like Rap

Like Rock Yes No Row Totals

Yes 27 6 33

No 4 17 21

Column Totals 31 23 54

20. Core Skill 1, Core Skill 5.
What are the consequences of delayed defibrillation for those who have cardiac arrest? In a study of 6789

patients, at 369 hospitals, who had experienced cardiac arrest, 2045 had to wait longer than the recommended
two minute maximum for defibrillation. Among those receiving delayed defibrillation, 22.2% survived to
hospital discharge. Among those whose defibrillation was not delayed, 39.3% survived to discharge. The
study concluded that, “Delayed defibrillation is common and is associated with lower rates of survival after
in-hospital cardiac arrest.”
(a) Is this study a sample survey, an experiment or an observational study?
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(b) Note the use of the phrase “is associated with” in the study conclusion. Would it be correct to replace this
phrase with “causes”? Why or why not?

21. Core Skill 2, Core Skill 3.
Two gasoline additives were tested to check their claims that their use will increase gasoline mileage in

cars. Thirty cars were randomly selected and each was filled with gasoline. The cars were run until the gas
tanks were empty. The distance traveled was recorded for each car.

Additive A was randomly assigned to 15 of the cars and the remaining 15 cars got additive B. The
cars were again run under the same driving conditions until the tanks were empty and the miles driven
was recorded. For each car the difference in miles driven was calculated as miles with additive minus miles
without the additive. If that number was greater than zero it meant that the car went a greater distance with the
additive than without it. Negative differences meant that the car went a greater distance without the additive
than with it.

The following table summarizes the calculated differences.

Additive Values Below Q1 Q1 Median Q3 Values Above Q3

A -10, -8, -2 1 3 4 5, 7, 9

B -5, -3, -3 -2 1 25 35, 37, 40

(a) On the grid below, display parallel boxplots (showing outliers, if any) of the differences for the two
additives. Make sure that you label the plots so that we can tell which one is A and which is B.

Figure 15

(b) Two ways that the effectiveness of a gasoline additive can be evaluated are by looking at
• The proportion of cars that have increased gas mileage when the additive is used in those cars
• The average mean increase in gas mileage when the additive is used in those cars.

(i) Which additive, A or B, would you recommend if the goal is to increase gas mileage in the highest
proportion of cars? Explain your answer.

(ii) Which additive, A or B, would you recommend if the goal is to have the highest average (mean)
increase in gas mileage? Explain your answer.

22. Core Skill 3.
The accompanying graph shows the relationship between scores on Exam 1 and scores on Exam 2 for

all the students studying statistics from the same teacher in a recent year. The darker line (with slope 1) is the
y = x line. The lighter line (slope 0.6) is the least squares line of best fit.
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(a) What does the pattern tell you about the students who scored 60 or below on the first exam? What does
the pattern tell you about the students who scored 80 or above on the first exam?

(b) Did more students improve their score or lower their score as they moved from exam 1 to exam 2? What
feature of the plot leads to you answer of this question?

(c) Make a concise statement as to why the slope of the least squares line is less than 1.

23. Core Skill 3.
Gas chromatography is a technique used to detect very small amounts of a substance. To study the

calibration of a gas chromatograph, five measurements were taken for each of four specimens containing
different but known amounts of the substance being studied. A graph of the output readings from the gas
chromatograph versus the input amounts is shown on the accompanying plot.4

(a) Based on just the scatter plot and the regression line, does the simple linear model appear to provide a
good description of the performance of the chromatograph?

(b) On studying the residual plot, what concerns might you have about the simple linear regression line as
a model for the performance of the chromatograph? (Residuals are deviations of the points from the
regression line.)

4Source: http://lib.stat.cmu.edu/DASL/Datafiles/Chromatography.html
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24. Core Skill 3.
Which of the following data sets are not good candidates to be modeled by a normal distribution? Explain

your reasoning in each case.
(a) Salaries of employees of a large corporation.
(b) The life lengths of batteries of a specific brand used in laptop computers.
(c) Measurements of the diameters of 15-inch wheels produced by an automobile manufacturer.
(d) Prices of single-family houses in your city or county.

25. Core Skill 3, Core Skill 4.
Each of the simulated distributions generated above can be modeled by a normal distribution with center

at the fixed population proportion, p, used to generate the distribution and standard deviation (SD) of approx-
imately 0.05. From properties of the normal distribution it can be seen that about 95% of the possible values
of a sample proportion lie within approximately 2SD of their mean (p).
(a) Letting p denote a population proportion and an observed sample proportion, argue that any population

with a value of p greater than p+2SD would not produce the observed within its middle 95% of possible
outcomes. (In the context of Block Scheduling, and using an arbitrary but common definition of plausible,
any value of p greater than 0.45+0.10 = 0.55 would not be a plausible value for the population proportion
of students favoring the block scheduling plan.)

(b) Letting p denote a population proportion and an observed sample proportion, argue that any population
with a value of p less than p − 2SD would not produce the observed within its middle 95% of possible
outcomes. (In the context of Block Scheduling, any value of p less than 0.45− 0.10 = 0.35 would not be
a plausible value for the population proportion of students favoring the block scheduling plan.)

(c) Based on parts (a) and (b), argue that the interval
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p± 2SD

forms an interval of plausible values for the true population proportion. That is, the interval p±2SD con-
tains about 95% of the possible values of the sample proportions that can be generated from a population
with true proportion p. This 2SD bound is commonly referred to as the margin of error.

(d) In general, will the margin of error increase or decrease as the sample size increases? Explain your
reasoning.

26. Core Skill 5.
Researchers have noticed that the number of golf courses and the number of divorces in the United States

are strongly correlated and both have been increasing over the last several decades. Can you conclude that
the increasing number of golf courses is causing the number of divorces to increase? Explain your answer.

27. Core Skill 5.
The following appeared in the Sunday Times of London:

Research finds the website [Facebook] is damaging students’ academic performance. . . . Facebook
users . . . are more likely to perform poorly in exams, according to new research. . . . The majority of
students who use Facebook every day are underachieving by as much as an entire grade compared
with those who shun the site.

This story was then picked up by many other newspapers and became a popular headline across the United
States and beyond.
(a) What elements of the story in the Times sound like cause-and-effect arguments?

The source of the data in this case was the report of a study at the Ohio State University entitled, “A
Description of Facebook Use and Academic Performance Among Undergraduate and Graduate Students.” A
total of 219 participants, mostly from selected classes in the school of education whose instructors agreed to
participate, constituted the sample of this pilot study. The sample included both graduate and undergraduate
students, with self-reported data on both how much they studied and grade point averages. The data were
reported in ranges, like 3.0 to 3.5 for grade point averages. 5

(b) Many of the weaknesses of the study were reported by the authors. What do you think some of these
weaknesses are?

(c) Was the Sunday Times correct in reporting the results in cause-and-effect style? Explain your reasoning.

28. Core Skill 5.
A presidential campaign advertisement for former New York City mayor Rudy Giuliani said, “I had

prostate cancer, 5, 6 years ago. My chance of surviving prostate cancer-and thank God, I was cured of it-in
the United States was eighty-two percent. My chance of surviving prostate cancer in England was only 44
percent under socialized medicine.”

The quoted percentages were based on 5-year survival rates, not mortality rates, reported from studies in
the United States and the United Kingdom, respectively. But, these 5-year survival rates have little to do with
mortality rates, as can be seen from the definitions given below:

5-year survival rate =
number of patients diagnosed with cancer still alive 5 years after diagnosis

number of patients diagnosed with cancer

annual mortality rate =
number of people who died from cancer over 1 year

number of people in the group

(a) How could changes in medical practice increase the 5-year survival rates without changing the mortality
rate for any given year?

5Source:http://online.wsj.com/article/SB124034974305240495.html



19

(b) In the US, most prostate cancer is detected by screening for prostate-specific antigens (PSA). In the UK,
most prostate cancer is detected by symptoms. How might this difference in medical practice affect their
respective 5-year survival rates?

(c) Was Mr. Giuliani making a fair comparison? Explain your reasoning.

29. Core Skill 5.
“Parents Rate Schools Much Higher Than Do Americans Overall” is the title of a report on a Gallup poll

of August 24, 2009. The results of the poll show that “three in four American parents (76%) are satisfied with
the education their children receive in school, compared to 45% of the general public who are satisfied with
the state of schools nationwide.” An explanation of how the poll was conducted includes the following.

Results are based on telephone interviews with 1,010 national adults, aged 18 and older, con-
ducted Aug. 6-9, 2009. For results based on the total sample of national adults, one can say with 95%
confidence that the margin of error is ±4 percentage points. For results based on the sample of 233
parents with children in kindergarten through grade 12, the maximum margin of sampling error is
±8 percentage points.

Interviews are conducted with respondents on land-line telephones (for respondents with a land-
line telephone) and cellular phones (for respondents who are cell-phone only).

In addition to sampling error, question wording and practical difficulties in conducting surveys
can introduce error or bias into the findings of public opinion polls.

(a) Explain the meaning of the 4% margin of error in the context of this poll.
(b) Why is the margin of error for the poll of parents with children in school larger than that for the overall

poll?
(c) Why is it important to mention both cellular and land-line phones?
(d) Other than error due to the fact the data comes from a sample, describe other potential sources of error in

a poll of this nature.

30. Core Skill 5.
In 1962, research statistics showed that the percentage of obesity in America’s population was at 13%.

By 1980 it has risen to 15%, by 1994 to 23%, and by the year 2000 the obesity progression in America had
reached an unprecedented 31%. The U.S. Surgeon General report declared that obesity is responsible for
300,000 deaths every year. These overwhelming research statistics reveal an alarming obesity trend, the need
for diagnosis, and a call to action.

In the midst of an informational and research feeding frenzy on the obesity epidemic, statistics are easy
to come by. The most widely disseminated CDC research statistics on American obesity tell us that 63% of
adult Americans have a Body Mass Index (BMI) in excess of 25.0 and are therefore overweight; more than a
quarter surpass 30.0, having been declared obese. And perhaps the most riveting statistics concern obesity in
kids: research shows that childhood obesity has more than tripled over the past two decades.

Still, by focusing on the polite abstraction of Body Mass Index rather than actual bodyweight, the CDC
has hindered the war on the prevention of obesity in America. Indeed, CDC research epidemiologists are
faithful keepers of the public health record; but for reasons of technical precision and political propriety, they
have scrupulously avoided the publication of the most crucial and powerful obesity statistics, raw bodyweight
averages for the American population.

The new IHRSA/ASD Obesity/Weight Control Report has published these graphic and visceral images
of a dangerously overweight population. The “real” research statistics on obesity reveal that:
• 3.8 million Americans carry over 300 pounds.
• With the average adult woman weighing in at a staggering 163!

Perhaps the most shocking statistics underscoring obesity in the United States is that 400,000 Americans
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(mostly men) fall into a super-massive 400+ pound category.6

(a) Explain the controversy between the two measures of obesity, the BMI (which takes into account height
and weight) and bodyweight averages.

(b) The percentages in the first paragraph are based on BMI. Is there any other data on the article to which
these figures can be compared fairly?

(c) Does the article make a strong scientific case for using bodyweight rather than BMI to measure obesity?
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